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The Fatty Acid Composition of Sterospermum suaveolem 

Root Fat 

By 

S. P. TANDON, V. K. SAXENA & K. P. TIWARI 
Department of Chemistry, University of Allahabad, Allahabad 
[Received on 29th April, 1968] 

Summary 

The root fat of Sterospermum suaveolens^ contains palmitic, stearic and 
oleic acids in the following percentages 30*41, 5B*16 and 11'43 respectively. A 
white deposit identified as ceryl alcohol has also been obtained. No unsaponifiable 
matter has been found in the fat indicating that all the fatty acids are present in 
the form of glycerides only. 

Examination of the deposit from the concentrated petroleum ether solution of the root fat 

The fat from the root of Sterospermum suaneolens was c^ctracted with 
petroleum ether (40-60®) and when its concentrated solution was allowed to stand 
overnight, a yellowish white deposit was obtained which after purification by 
column chromatography over alumina and subsequent crystallisation from the 
hot benzene gave a pure compound melting at 79^G. Elemental analysis of the 
compound gave the folio wing, results. Found (C == 8T34, H = 13*98%, Molecular 
Weight = 309), G 20 H 54 O requires (G = 81*67, H == 14*13%, Molecular weight = 
312) The acetyl group determination in its acetate, GagHg^Oa, m.p. 67°G, indicated 
the presence of one hydroxyl group in the compound. 

The compound was identified as ceryl alcohol by mixed m.p. and infrared 
spectrum'^. Peaks in the I. R, spectrum were obtained at 3498, 2885, 2800, 1730, 
1470 and 730 cm^^. 

Examination of fatty acids 

On distilling off the solvent from the petroleum ether extract, a dark brown 
coloured fat (S. V. = 198*5, I. V. = 10*75) was obtained* It was saponified 
with 0*5 N ethanolic KOH solution and the mixed fatty acids were recovered by 
the usual method. The methyl esters of these acids were distilled under reduced 
pressure when four different fractions were obtained. The composition of each 
fraction was calculated with the help of their weights, saponification and iodine 
values and the observations and results are reported in table !• 



tA^LE i 


Fraction 

Weight 

Temp. 

°0 

S. V. 

S. E. 

I. V. 

Palmitic 

Stearic 

Oleic 

1. 

5*48 gm 

143--50 

197-91 

283-33 

7-70 

2-18 

2-80 

0-50 

2. 

1 *88 gm 

1 50-55 

195-64 

286-70 

6-84 

0-63 

1-10 

0-15 

3. 

1'49 gm 

155-60 

196- '5 

285-70 

3-i)7 

0-47 

0-90 

0-12 

4. 

2'30 gju 

Above 

170 

194-50 

288-40 

17-10 

0-39 

1-45 

0-46 


U-15 


Total 



3-67 

6-25 

1-23 




esteis 



33-18 

56-55 

10-27 




% acids 



30-41 

58-16 

11-43 


S,V. » Sponi^catioa value 
S*B. « Spouificalioa cquivalciu 
l.V. « lodmc value 
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Infinite integrals involving Fox^s H*function and Confluent 
Hypergeometric Functions* 

By 

S. L. KALLA 

Department of Mathematics^ M. R. Engineering College^ Jaipur 
[Received on ht March, 1967] 

Abstract 

The object of the present paper is to evaluate some infinite int^rals involving 

Fox’s H-function and Confluent Hypergeometric functions iZu ^ 2 9 ^13 

and by utilising a theorem recently proved by author in these proceedings. 

The argument of these function contain f — 1 where t xs the variable 

of integration. 


1. The well known notation L{f{t) ; p} = <#>(/>) will be used to denote the Laplace 
transform, 

(i-i) HP) P 

provided that the integral is convergent and R(p) > 0. 

Recently the author [6, p. 1 95] has proved that, if 

L{f(t);P}=g{P) 

and 

I P) - HP) 

then 

(1-2) J" ti {a -f bt+ct^y'g dt = JlL{b + 2V^)-^h{b+2V7c). 

The theorem is valid for the set of conditions given below, 

(A) R{a) > 0, (0 > 0. ^ 

(B) R(| + I) > 0, where /(O = 0 ( r ) for small H\ 

(G) If 

(i) r < 1 ; then R{b + 2^^ oe) > 9, 

(it) r = 1 ; then R{I3) < 0, when R{b + 2Vac ) > i?(/3) 
and R{f) + ^) < 0 when R{b + 2y ac ) =R{j3i 
(Hi) r > 1 ; then R{^) < 0, 


where /(<)= 9 ( W ) for large 

*f‘rfrint aiduss : Dedartment of Mathematics, University of Jodhpur, Jodhpur, 


t 3 I 



The aim of the present paper is to evaluate some infinite integrals Involving 

Fox's H"“function [4, p. 408] and confluent hypcrgeometric functions ^ 3 , » ^ 
and [ 3 , p. 444-.45]. 

2* In this section wc shall evaluate an infinite integral involving Fox’s H-function 

[4, p. 408]. Asymtotic, expansi'm and analytic continuation of the H 'function 

have been discussed by Braaksma '[ 1 ]. 

If we start with 


fit) tP ”f zr 

hq 1 . 

then [5, p. 100(8)] 




• . Uu ei)~ 

• t (^<7* fq'^~ 


( ■ P, "•), («!, ej\ . , . , {nj, ei) 

• • • > {i'qyfq) 

for -r > 0, R{p) > 0, 0 C, m < ^, 0 < n < 1, t arg I - - h X tt 

. t ^ ^ <7 

where A staiids for V (eA v (^ .) 4 . v (/^) - v / r a 

irO/l+l ' 


g{p) = p'P H 


n -I I 
lA hg 




and 


r(^i‘ + 1 + tr min >■ 0, A =-■ 1, . . . , 


m. 


Similarly the expression for A(p) can be obtained and hence applying ( P 2 ), 
we obtain d v 


(2-1) f" (a + a + ct»)-P-^ H ” + ^ 

Jo / -J- Ij ? Lt‘* 


zr 

4- At + 


( - p, »■), 


(It 


jz (A + ZVac )•'■-* // * 

N e I + i,q 


(a„ (at, ei) ' 

• • ■ > i^qx/q) 

A + 2 )-1 (A„/.), 

- . . , {at, ei) 

• • • » {kqxfq'^ 

valid for <r > 0, R{a) 0, c - 0, /f(A + 2 ^ae ) - 0,- 0 < ffi < f/, 

0 <■ n €, 1, R^P~ I +• (r min^^ :> 0, A ==> 1, . . . , m, X 
1 arg « 1 < i A «• 


0 and 


n I ^ g 

where \ stands for <>• 4 v (ej) - S (ei) + 2 (//) - S (fi) 
j=i j=n.+i i=i /=OT+i ' 


C 4 ] 



When (j =e = . . . = = /^ . . . = 1 then (2'1 ) reduces to a known result 

due to Saxena [7, p. 663(5)]. 

3. In this section we shall evaluate certain infinite integrals involving confluent 
hypergeometric functions ^ttd [3? P- 444-45]. 

If we take 

f{t) = r"-i Bla 7 ; x,jt) 

then [2, p. 223(15)] 

sip) =r(a') ^ ( «, a', 13, y; X, 

for R(a') > o,R(p) > o^R(y), 

Sirnilarly the expression for h{p) can be obtained and hence using (2’1)3 we get 
/o [a + bt ■+ ^ ,( a, a', p, 7 ; x, ^ 

= Jz (* + r(«' - i) { r(a') }-i ^ ^ a, a' - I, 8, 7 ; X, 

for i2(a) > Oj c > 0, i2("' - i) > 0 and R{b + 2Va« ) > 0. 

When b = c = 1, a and x tends to zero than (S'l) reduces to the particular 
case of a known result [3, p. 417(21 )]. 

Results (3-2), (3‘3), (34) and (3-5) can similarly be obtained by using the 
operational pairs l 2, p. 222-23. (6), (12), (10) and (7)], respectively. 

J "® u-J / Xt \ 

^ + i>t + ^ «, 7 ; j 


r(a- 4 ) ,, , o.r- 
7r “W > ' 


i' i + v; 


for 


R{a) >0, r > 0, R{a-i) > 0, and R{b + 2^/'ac ) > 0. 


J QO yT \ 

tP-x ^a+bt + efi)-? 7 , 7 ' ; ) dt 


for 


(34) 


Jc -fTis)' 2Vac)^-^ >^i( «, /3- J. -y, ■y'; y, _j_ 2y-’-^ 

72 (a) > 0 , c > 0 , 72(6 - i)> f* R{p + 2 -/' ac) > 0 . 

J ®® xt vt 

^ (a + 62 + rf*)- $,(a, 6, 7 

Jt 2v«)*-“ $1 ( a - /?, T 5^+^; 6 +i!7^ 


A 


i: 5 ] 



for R{a) > 0, ^ > Oj Ria - |) > 0, and R{h -f- 2i/ae) > 0. 

(:{*5) J” (a +bt+ ci^yH' <|>3( /?, a', y ; x, ^ dl 


y'c {i> + 2^^7c)^-f^’ >h{Mr h. 


J ] 

’/> f 2^ge •' 


tor JR{a) > 0, c • 0, Rif-t' A) 0, and R l> | 2v',(e:. 0. 


The author is grateful to Dr. 1». N. Rathie for his keen interest during 
the preparation of this paper. 
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On the Steady flow of Reiner Philippoff fluid between Parallel 
plates and Coaxial cylinders in linear movement 

By 

P. D. VERMA 

Department of Methematics, University of Rajasthan, Jaipur {India) 

and 

S. C. RAJVANSHI 

Department of Mathematics^ Malaviya Regional Engineering College ^Jaipur {India) 

[Received on 28th January, 1967] 

Summary 

In the first part of the paper we have discussed the flow of Reiner-Philippoff 
fluid through a channel bounded by two parallel plates in linear movement. The 
velocity pt'ofiiles have been drawn for two important non-.Newtonian fliuids, Molten 
Sulphur and 0*4% Polysterene in Tetralin. Expressions for the longitudinal velo- 
city in the case of porous plates have also been derived. In the second part, 
the flow of Reiner-Philippoff fluid through an annulus, having boundaries in 
linear movement has been investigated and the axial velocity profiles have been 
drawn. The zero shear stress surfaces have also been marked. Further we note 
that the variations in longitudinal velocities as more marked in 0*4% Polysterene 
in Tetralin than Molten Sulphur as we move from one boundary to the other. 


1. lotroducdon 

The flow equations of many non-Newtonian fl.uids arc applicable in the 
field of chemical and mechanical engineering. These equations have earlier 
been derived empirically from the test-data. A more rigorous approach to the 
flow problems is essential due to the increasing importance of these fluids. The 
flow channels composed of two parallel plates or coaxial cylindrical boundaries, 
in linear movement, having different constant velocities are of interest in viscosity 
pump and screw extruder design. Rotem and Shinner [1] have solved the flow 
equations of non-Newtonian inelastic fluid for the case of steady, incompressible 
laminar flow between parallel boundaries in linear movement with an arbitrary 
pressure gradient. Solution has also been given for (f) Rabinowitsch model, 
and (zi) Power-law pseudoplastic model. Fredrickson and Bird [2] have 
studied one-dimensional steady flow of Power-law pseudoplastic and Bingham Plastic 
fluid through an annulus. Rotem [3] has obtained the velocity pro&es and flow 
rate for the steady, isothermal and laminar flow of an incompressible, inelastic 
non-Newtonian fluid in an annulus. A solution for the Rabinowitsch equation 
type of pseudoplastic fluid has also been obtained as a special case. Kapur and 
Gupta [4] have discussed the flow of Reiner-Philippoff fluid in pipes and channels. 
The rheological equation for this fluid is given by [5], 




/^o +• 


00 ~~ /^o 

1 ■^Zw)/2'^o^ 



(1-1) 


[ 7 ] 



where /*0 . Hod ^nd T0 are the fluid and parameters and usual summation convention 
has been assumed for repeated index. This model reduces to a Newtonian 
fluid with viscosity /Iq or ^co according as or But the behaviour 

is non-Newtonian for every other value of , 

The present paper is divided into two parts. In part A the steady flow of 
Reiner- Philippoff model between parallel boundaries in linear movement with 
constant pressure gradient has been investigated^ following fl]. The physical 
constants of Molten Sulphur and 04% Polysterene in Tetralin have been taken 
respectively, for very small and large values of in order to draw the velocity 
profiles for two limiting cases of the fluid parameter The expression for the 
velocity distribution in the case of two porous plates in linear movement has also 
been obtained. In part B, the flow of the same fluid between two coaxial 
cylindrical boundaries in linear movement and under constant pressure gradient 
has been discuss(*d. The velocity profiles in the two extreme cases for the same 
fluids as taken in part A, have also been plotted. 

Part A : Flow between two parallel plates 


2. Formulation of the problem 

Let x*axis be parallel to the plates and j-axis be perpendicular to them. Let 
«and V be the components of velocities along x and axes respectively. The 
plates are defined by the equations - h undj^h, having the velocities and 
parallel to x-axis. For the two dimensional flow, the velocity components arc 

= « fj),?; « 0. (24) 

Therefore the equations of motion reduce to 

0 — - dpIZx + 

0 - 0P/0J, (2-2) 

where p is the pressure. 

The non-zero components of deviatoric stress tensor are given by 


• „ o 




Wc define the following non-dimensional quantities 

X = xjli, T yjh, ft 11 ^ U - u/ttj, tj' = uj/uj . (2-4) 

P = , I J.y ■- T , Pj.y = 'i 0 = Tg/pUj® . (2‘5) 

Substituting equation (2'4) and (2*5) in (2-2) and (2*3) wc get 


dT^yldT ^ ZPI^X, I 

and • (2*6) 

= [1 ■+■ (M - 1) + r./) J E^^y, J 

where E^y — 

3. Solution of the equations 

Wc apply constant pressure gradient on the Iluid. Therefore, wc have 

- ZPioX ^3-1) 

Equation (3*1) and first equation of {2*6) give 

ny = P'{i,-r), \3.2) 

where T <= Tq denotes the zero shear stress plane. 


[ 8 J 



Substituting equation (3 -2) in second equation of (2*6) We get 

0 C//ar = (r„ - D + [p' ^ d - m) (r„ - r)/fp -2 (r, - (3-3) 

Integration of (3-3) gives 

2P' {U+ 1) = P'2 [2 r, (r+ 1) -(^2- i)]_ 

- (^i/2 ) in [ {P'a -rr- + To^yiP'^ (r„ + i)^ i 
for-l < r< r„, and ^3.4^ 

2 P'\ V - U) = P'2 [2 (1 r) + fa _ 1]_ 

- W ) In [ {P'2 (1 - r,y + M T'oW'*' {T-Toy + 
for Po < r ^ 1 and, ‘ 


P, = 2 (1 - ^) 


where the lower plate is assumed to be moving in a direction opposite to that of 
tne upper plate. ^ 

Equating the volocities obtained from both the equations (3-4) 
at r = To, we get 

2 P'(U' + 1) = 4 P'2 ro - (PJ2) y{p'2 („ _ r„)2 + } x 

X {P'2 (1 + r„)2 + ^r,2}-i] ,3.5. 


From the above equation we infer that the constant cannot be determin- 
ed explicitly. Hence we consider two limiting cases i.e. T. is very small and P,. is 
very large. ^ 

When To is small we assume 

n = n -f r, v. (3.6) 

On neglecting second and higher powers of P^a tjjg equations (3*5) and (3*6) give 


r, = (C7' 4- 1)/2P', 

and = {(1 - /^)/2P'^} In [(2P' - U' - 1)/(2P' -p [/' + 1], 

where values of U' and P' should satisfy 

I (17' -h 1)/2P' I < 1, 

so that the zero shear surface may lie within the boundaries. 

When Pq is large we assume 


(3-7i 


fo = r,' + r'a/P^a. (3-8) 

Substituting (3‘8) in (3‘5) and neglecting second and higher powers of (l/Pn®), 
we get 

r/ = p (C/' + 1)/2P', 

V = (1 - PJ P' P/ (1 4- Pi'^)/P, . .(3-9;^ 

where values of f/' and P' should satisfy 

1^(C/' 4 - 1)/2P'| < L 

so that the zero shear stress surface may lie within the boundaries. 



4. Knmerical calculdtioli 

In literature [5] wc find Molten Sulphur and 0-4 % l^olysterene in Tetralin 
as two important Reiner-Philippoff fluids having the small and large values 
of Tg respectively. The fluid paramaters for these fluids are, 

(i) Molten Sulphur 

/igj = 0‘21S poises, i>q = 0 01 05 poises, tq = 0*073 dynes/ems® (4T) 

{ii) 0'4% Polysterene in Tetralin 

/tgj = 4*0 poises, ixq = 1*0 poise, = 500 dyncs/ems®, (4-2) 

Longitudinal velocity profiles for these two fluids, have been plotted against Tin 
figure 1 . Tire zero shear stress planes are marked in various curves. 

We infer from figure 1, that for Molti-n Sulphur as well as 0M% Polysterene 
in Tetralin, the zero shr^ar stress planes moves towards th<r lower plate with the 
increase of pressure gradient. For the same pressure gradient the variations in 
magnitude of longitudinal velocity are more marked in Molten Sulphur than 0’4% 
Polysterene in Tetralin. 



Let the orientation and the velocities of the plates be the same as in section 2. 
Wc assume the rate of suction at the upper plate is equal to the rate of injection 
at the lower plate. From the equation of continuity we find 

« = «W>» = Oo- (5-1) 


C 10 J 



(5-2) 


The equations of motion, therefore, reduce to 

P»o dujdy = - dpidx + dj> , 

0 = - dpidy 

where p is the density and p is pressure. 

The non-zero component of deviatoric stress tensor is given by (2-3). In addition 
to the non-dimensional quantities dehned in (2- 4) we define the following 
quantities : ° 


P — 2 hplii.a Tg — 2 hrgjug M^, Taty — 2 hro'ylti.gU^, 
^aiy = 2 hea-ylUi, R — 2 hvgpjlig, 
where i? is the suction parameter. 

From equation (2’3), (2*4), (5*2) and (5*3) we have 

dTa-yldT^-P' + R ZUjzr, 

and 

Ta^y = [1 + (m - I) Tg^KT^,/ + V)] 

where - ^Pj^X — P'. 


(5*3) 


(5*4) 


Integrating first equation of (5*4) and eliminating T^,, from second equation ol 
(5*4) we get 

dUldT ^(-P'r+RU-^A)\:Tg^+{-P'r-\-RU + A,^} X [pV + 
-h (-P'r-t- )*]-!, ' (5*5) 

where A is the constant of integeration. Boundary conditions of the flow are 


Cf=17'atr=I, 1 

Cf = -latr=-l. 1 


(5*6) 


Solution of (5*5) is obtained for two extreme cases, 7”,® is small or large. 

Case (f) : Small J),®. 

We neglect second and higher degree terms in Tg^ in (5*5). Subsequent inte- 
gration gives 


r-h 1 = (l/R) In [ {-RP'r+ R^U+ RU- P') l(RP' - R^ + RA~P')2 -4 
-1- (RTg^lP') ( p - 1) [(«?' - q. p')-i _ ( _ Rp'r+ R^U + RA - P')-i -f 
-1- (P')-i In {( - PT-f RU + A) (RP' ^ R» + RA - F) {P - R + A)-^ x 

X (-RP'r+R*C/+RA-P')-i}]. ( 5 * 7 ) 

In order to determine A explicitly we assume 

= -^0 •+• -^1^0*' (5*8j 


From equations (5*6), (5*7) and (5*8) we have 

Aq => [~RP' + RiU' - P' - PP' 4- ija + p') exp (2P) ] x 

X [P {exp (2P) - l}]-i. 


' U 1 



and 


4 , . - /i(l - /x) (P')-« [P' + {-RF + R-^U' - p' + ^iA„) X 
X { /« ( - P 4- RU' + ^ 0 ) -ln{F - R-i- Aq) - • 2R} {exp (2R) - (5-9' 

Case (ii) : Large 

We .leglect second and higher degree terms in (l/Ta®) in (S*5). Subsequent 
integration gives 

r+ 1 (fx/R) h [ ( - RP'r+ R’‘U + RA - txP') {RP' - JR® + RA - + 

4 - (1 - m) (PTo)-® C(3 ix^P'^IR) In {{ " RRA’ 4 - R^U + RA - ixP') X 
X {RF - P® + - IX P')-' } 4- O'ij -F + R) i- RFRAr 

-i- R^U 4- RP' - RA i- 2 + 4 p-P') 4- iP^P'^IR) {{RP' - P® 4- 

+ AM - mP')’’ - ( - ^^'^'4- R^^ + RA~ fP' )■'*}] • (S'iO) 

In order to determine A explicitly we assume 

A=A,-^iAJT„^). (5-11) 

From equations ( 5 * 6 ), {5*10) and (5'11) we have 

Ag --- C - RP' 4 - R'^U' - i»P' - {RP' - A® - mP') «‘xp ( 2 P/|t) ] x 
X [A { exp (2 A/m) - 1 )]'\ 

and 

Ai = F®P'® (1 - P)/A3 4- (!-■/*)(- RP' 4- A®i7' - ixP' + A/lo) x 
X { 6 mP'» + ( - 2P' + AC/' 4- A) (A®C/' - A® + 2 RAg 4 - 4 mP') } X 

X [2 mA® {exp (2A/ii) - 1}]-A (5*12) 

Part B : Flow between two coaxial cylinders 

6 . The basic equations 

The fluid is contained belvvtien two infinitely long coaxial cylinders of radii a 
a.nd b {b ' ■ a). We shall work through cylindrical polar coordinates {r, 0 , . 

Let tt, », and, w be the components of the velocity in the direction of r, 0, z respec- 
tively. We assume the axial velocities of inner and outer cylinder to be Wj and Wj, 
respectively. Hence we have 

a = 0 , V =- 0 , w = w{r). (fid) 

The ecj nations of motion reduce to 

- ^p|^r - 0. V 

- bpiZz 4- 0(r r,.s)l‘Zr=z 0 j (6‘2) 

where is the pressure 

The non-zero deviatoric stress component is 

= [''o + (Pco -Po) V/(V 4- ]«rz 
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Let US define the following non-dimensional quantities : 


Z — zja, R — rja, « = bja ,W ~ wjwi , fV' = n = 

p =pIpw-^ , Tfz — -TtzIp > ^0 = “'i® J Era = «j-z P ' (6'4-) 

Equations (6'2), (6-3) and (6-4) give 

r„ = [I -f (/X- 1) ro2/(v + t;.*)] / (6-5 

where E^z ~ ’b'Wj'bR. 

Equations (6‘5) determine the motion of the fluid completely. 

7. Solution of equations 

Let us consider that the motion takes place under constant pressure 
gradient. Therefore we have 

-dPIdZ^P'- (7-1) 

Equation (7T) and first equation of (6‘5) give 

Tra = P' (Po^ - R'^)I2R, (7-2) 

where R = Rg denotes zero shear stress surface. Equation (7'2j and second equa- 
tion of (6-5) give ■ 

0 WI^R = P' {Ro^ - R^) {pD {Ro^ -R^) + 2 R^}l{2 ixR - R^) + 2R^}], (7-3) 

where . D = P' 12 v 

We assume that inner cylinder is moving in a direction opposite to that of the 
outer cylinder. The equation (7*3) is integrated for th^ following two cases : 

(i) where T,® < R^^P'^JP the axial velocity is given by 
4 P' (PF + 1) = P'2 (P^a In R^-R^+ 1) - P* In [ {D {R^^ -R^)^ •+ 2 P® } X 
X { D (P„2 _ i)s 2 }-i ] + (2Pa/P,) tan-i [B.,{R^ _ 1) {/js + i ^ 

X D (Po^ - P^) (Po=* - 1 ) }-M, (7-4) 

for 1 ^ P Rg, and 

4 P'l ( PI/ - PP^') =P'2 (a2 - P2 - Rgi In a^lR^) +B^ In [{ - R^)D + 2a^ } x 

X { (P* - Rg^) D + 2 P2}-i] - (2 BgIBg) tan-i [P 3 (ai‘ - P*) {P* + a* -f 
X D(P2 - Rg^) (a® - Po2) }-i ], (7-5) 

for Po < P < a, 

where Pa « 2 ( 1 - /x) Tg’^, 

and Pa = 4P[ Po^P'^V - 1]. 
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Equating the velocities at i? = Ji,,, obtained from equation ( 7 * 4 ) and (7-5) 
we get 

4 P'(fV' + 1) = («,* in ««-«*+ 1) - /« [ {£)(«» _ + 2 «2 } X 

X - l)“ + 2}-M -f (2 BM tan-‘ iB,(a^ - 1) + 1 _ 

X D(V -!)(«=» (7-6) 

(I'i) when the axial velocity is given by 

4 P' (i^ + 1) .. P'» /n - pa + 1) - Pj /n [ {Z) (/V -P*) + 2Pa} x 

X {B (P„a - l)a + 2 }'>1 - (/yPJ /n | {Z)(Poa - pa) /P„a - I ) + pa + 1 _ 
P,(Pa - 1 ) ) {P (P,a - /P) (/V _ 1 ) ps + 1 + (P» - I ) }-V|. (7-7) 

for 1 P Cs Po> and 

4P' (IV- IV') r. P'a (^a - pa - P„a /„ ^ /„ f («a _ + 2®*} X 

x{£)(Poa - P„‘)a q.. 2 pa}-»l „ (/yp^) /„ [,P + pa + P^(aa _ ps) 4 . £>(„* _ x 

X pa - P^a) ) {«2 4 - pa. /}, (.,a _ p=); + Z) («« - (P* - P„a; }- aj, (7-8) 

for P^ ^ P 5 ;;. < 1 ^ 

where Z?j =. -/(I - Poap'a/^tV). 

Equating the value of fy obtained from the equations of (7-7) and (7’8) atP - 
we get 

4P' (W" + 1) == P>a (p^a „a _ aS 4 . 1 ) _ j- {£> („a _ p^a)a 4 . 2 aa} x 
X {£> (Po* - l)a + 2 }-'] ~ (Pa/PJ /« [ { .,a + 1 - P, («* _ i) _ £» (p^s _ 1 ) x 
X (a* -P„a) } {«a 4 - 1 .. P« («a - 1 ) - D (P„a - 1 ) («a . p„a) yi\. (7*9) 

From equations (7’9) and (7*fi), il is dear that P,, cannot l)c delt^rmined expli- 

citly. When To is small, we assume 

zy p,a 4. •/;;. p^a. ^y-lO) 

Substituting {7’10) in (7'6) and neglecting fourth and higher powers of To, we get 
P,a = [F(«a - 1 ) + 4 ( IF' + 1 ) ]/2P' In a, ] 

and 

Ps® » {4(1- |*)/ 2 p a /« ,^} /„ L {Z>' (a* _ «a 4 - l) - ■ 

-4^^y' + l)}{P' («»-/««*- l)+4(W^'-fl)}-»J, J (7-11) 
where IV', P', and o should satisfy the condition 

1 < [ {P'(«* - 1 ) + 4(iy' + 1 ) }/ 2 P' In a] < «», 

SO that the zero shear stress surface may lie within the boundaries. 

When 2"o is large we assume 

P„® = P 3 » -f R^IToK 
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Substituting equation (^12) in equation (?-9) and neglecting fourth and highter 
powers of (I/T'q), we get 

= [P' (a® - 1) + 4 fi (W^' + 1) ]/2F' In a, 


and 


P,a = {P'(l - ii)l& In «»} [ (a^ - 1) (2 + 6 - a* 

- ~ 6 OL^ In 


(7-13) 


where W, P', and a should satisfy the condition 

1 < [P'(a2 + 1) + 4 /i(PK' + 1) ]/2P' /n a < a^, 

So that the zero shear stress surface may lie within the boundaries. 


8. Numerical calculation 

Axial velocity profiles for two fluids whose parameters are defined by (4-1) 
and (4-2) are drawn against R in figure 2. From figure 2, we infer, that for Molten 
Sulphur as well as 0-4% Polysterene in Tetralin, the zero shear stress surface moves 
towards the inner cylinder with increase of pressure gradient. 



Pig l; Axial Vclocits Pro-|-«L€ Agaivi4c; R 

* suH>huy^ ^0-4% pol*;^tc Jn rctr<xU»< 

Jefo 5A€ar Surfa:^ 
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Abstract 

The electric conductivity results show that there is gradual fall in the values 
when calcium carbonate is added to phosphoric acid in the molecular ratio of 
CaCOg : P*Og as 1 : 1, 2 : 1 and 3 : 1. Maximum number of ions are removed 
from the solution when calcium carbonate is added to phosphoric acid in the ratio 
of3 : 1. The pH determinations indicate that the hydrogen ion concentration 
decreases with the increasing amounts of calcium carbonate added. 

Dkalcium phosphate with different degrees of hydration is invariably 
obtained when calcium carbonate and phosphoric acid are mixed in the molecular 
ratio of CaGO<i : PijOg as 1 : 1 and 2:1. It has been found that with the decrease 
in the concentration of the acid, the solid residue has a tendency to pass from 
anhydrous to hydrated form. 1 he neutralization of phosphoric acid with calcium 
carbonate in the ratio of CaCOg : PaOg as 2 : 1 is more efficient at 5"G than at 
30°C. The formation of tricalcium phosphate from the neutralization of phos- 
phoric acid with calcium carbonate in GaCO.., : PjOg ratio of 3 : 1 is incomplete. 

Dibasic phosphate can be conveniently prepared by adding calcium carbonate 
to phosphoric acid in the molecular ratio of 2 : 1. The optimum concentrations 
of phosphoric acid are 0-02M and M at 5° and 30°G respectively, which give the 
maximum efficiency of precipitation of dicalcium phosphate when calcium car- 
bonate is added to phosphoric acid in the molecular ratio of GaGOg : I’aOg as 2 : 1. 

Introduction 

Studies on the production of calcium phosphates have attracted the attention 
of several workers since the beginning of the 19th century. Piccard*, Baer», 
Drevermann*, Bcc{|uer.d\ Vohl\ Palmacr and Wiborgh®, Dcbray and Erlen- 
meycr’, Gausse*, Millot*, Joly*® and Barille” reported the preparation of dicalcium 
phosphate, whilst Warington*a, Berzelius**, Withers and Field**, Gawalowsky'*. 
Gaubert'**, Bnrthelot*^, Schlosing** and Gomelius*" claimed to have obtained 
tricalcium phosphate. Nurse et aP« reported the formation of super alpha 
tricalcium phosphate (high temperature form). Dallemagnc el a/*' and other use 
the term ‘alpha tricalcium phosphate’ for hydroxyl apatite for which ca/p ratio 
is T5. 

It has been observed by several workers that under certain conditions of 
concentration and temperature many definite molar species of mono, di and tri 
calcium phosphates or hydrates or their mixture may be formed as solid phases in 
contact with the solution. Among these preparations mention may be made of 
Vorbringcr’s®* GaMPO^.l/fi HjO, which Brinbaum** found to be free from water. 
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Gerland^i, Raewsky^« and Miliot’s® CatIP04.1/2 HaO, Skey*® and Delattre*s«’ 
CaHPOa.l l/2HaO, Debray®*, Schulten*®, Ghandelon®^ and Dallamagne and 
Melon’s’’! CaHP04.2H20, Dusart and Pelouze’s*® CaHP04.2 l/12HjO and 
Barille’si! GaHPOt.4HaO. 

Gameron and Seidell** have reported that tricalcium phosphate prepared by 
precipitation is impure and non- crystalline and a pure and crystalline product 
having GaO ; PgOs as 3 : 1 has not been prepared. According Hodge, Lefevre 
and Bale®* the commercial tertiary phosphates are probably hydroxy apatites with 
more or less adsorbed phosphate resulting in the emperical formula approaching 
Ga^PiOg. Bjerrum®® also agrees that normal calcium phosphates are never pre- 
cipitated from aqueous solutions. According to Jolibois and Spencer®® tricalcium 
phosphate precipitated by adding phosphoric acid to an excess of lime adsorbs 
large amount of lime. Jolibois®’ mixed lime with different concentrations of 
phosphoric acid and reported the formation of compounds having CaO : 
ratio of 2‘84, 3 43, 3'45 and 4*30. Many workers have assumed tricalcium phos- 
phate to be present in one or more of the following forms : 

(a) a solid solution of GaHP04.2Hj0 and Ga(OH)a®®. 

(b) a mixture of mono and tri salts*®. 

(c) a mixture of tricalcium phosphate, dicalcium phosphate and lime*®. 

{d) a mixture of dicalcium phosphate and hydroxy apatite**. 

(e) a hydroxy apatite with more or less adsorbed phosphate ions resulting in 
emperical formula GajPjOg*®. 

if) a solid solution containing calcium phosphate in which a further uptake 
of calcium must be accompanied by entry of hydroxyl ions*®’ **. 

In order to obtain a detailed knowledge about the nature of the products 
formed by the neutralization of phosphoric acid with calcium carbonate at 5° mid 
30°G, a systematic investigation has been made. Moreover, the optiinum con- 
ditions at which the maximum yield of calcium phosphates can be obtained have 
been worked out. 

Experimental 

Extra pure phosphoric acid and B. D. H. quality of calcium carbonate were 
added in these experiments. 25 ml standard solutions of phosphoric acid of 
different concentrations i.e. 5M, M, 0-2M and 0-02M were taken in 250 ml Jena 
glass bottles. Three sets of each concentration were taken and calcium carbonate 
was added in the molecular ratio of GaGOg ^ 1 . 1, 2 . 1 and , 1. 

While adding calcium carbonate the solutions were vigorously shaken and 
the rsse of temperature due to the heat of reaction was noted down in every case. 
The contents were then shaken in a mechanical shaker for one hour and left for 
24 hours in a bath at 30'’G. For 5°G, a Philips refrigerator was used whose 
temperature was constantly maintained. Next day the solid was drained by 
suction in a sintered crucible and the filtrate was collected. The solid was 
thoroughly washed with acetone and ether. It was air dried. The amounts of 
the solid residues were weighed. A portion of the solid was dissolved in dilute 
hydrochloric acid and the solution made upto a definite voluine. Aliquot portions 
of the solutions were utilized for the analysis of the ingredients. Electric con- 
ductivity and pH measurements of the filtrates were also carried out at 30°G. 
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Observations 


TABLE 1 


Concen- 
tration of 
phosphoric 
acid 

Molecular 
ratio of 
GaCOa : 
PaO., 

Initial 
specific 
conductivity 
in mhosx 10"^ 

Specific 
conductivity 
of filtrate 
in mhos 

Initial 
pH of 
the 
acid 

pH of 
filtrate 

5M 

1 : 1 

180-3 

42-24 X 10-s 

0-40 

2-00 


2 : 1 


1 1-87 X 10-’ 


4-55. 


3 : 1 


4-82 X 10-^ 


8*30 

M 

1 : 1 

48-8 

24-73 X 10-* 

0-80 

2-45 


2 : 1 


7 81 X 10-‘ 


5-15 


3 : 1 


3-33 X 10-^ 


8-15 

0-2M 

1 : 1 

14-68 

10-05 X 10-3 

1-40 

3-10 


2 : 1 


5-23 X 10-' 


5-75 


3 : 1 


2-55 y 10-* 


8-00 

0-02M 

1 : 1 

3-27 

3-08 X 10-3 

2-35 

3-95 


2 : 1 


2-83 X 10-* 


6-35 


3 : 1 


1-26 X 10-» 


7-70 


TABLE 2 

trhe solid residues obtainfd after mixing calcium carbonate and phosphoric 
acid at 5° and 30°C respectively have the following compositions : Temperature 5°C 


Concen- 
tration of 
phosphoric 
acid 

Molecular 
ratio of 
CaCOa : 
P 2 O 5 

Rise in 
tempra- 
ture 
in ‘^C 

P 2 O 5 

0 / 

/c 

CaO 

% 

Nature of residue 


5M 

1 : 1 

14-5 

53-01 

41-80 

GaHPO* 



2 ; 1 

16-0 

52-26 

42-11 

CaHEO, 



3 : 1 

16-5 

45-02 

48-89 

2-75 CaO : PaOs 


M 

1 : 1 

6-0 

48-06 

38-11 

CaHP04-3/4 HaO 



2 : 1 

7-0 

47-77 

37-98 

GaHP04-3/4 HjO 



3 ; 1 

7-5 

42-53 

47*11 

2-81 GaO : P^Os 


0-02M 

1 : 1 

3-5 

— 


No residue obtained 



2 : 1 

3-5 

46-21 

36-55 

GaHPO^-HaO 



3 : 1 

4'0 

40-25 

44.44 

2-80 GaO ; 


0 02M 

1 : 1 

10 

— 

- 

No residue obtained 



2 : 1 

1-5 

41-83 

33-11 

CaHPOt- 2 HaO 



3 : 1 

1-5 

37-93 

42-04 

2-80 GaO : PjO^ 


5M 

1 : 1 

10-5 

52 93 

42-05 

CaHPOi 



2 : 1 

11-5 

52-17 

41-88 

CaHPO* 



3 ; 1 

12-0 

45-13 

49-10 

2-76 GaO ; PaO^ 


M 

1 : 1 

4-0 

49-70 

40-05 

CaHF04-l/2 H,0 



2 : 1 

4-5 

48-90 

40-00 

CaHP 04 -l /2 HjO 



3 : 1 

4-5 

43-02 

47-80 

2-81 CaO ; PaO.,- 


0*02M 

1 : 1 

2-0 

— 

— 

No residue obtained 



2 : 1 

2-0 

48-12 

38-70 

GaHP04-3/4 H*0 



3 : I 

2*5 

41*30 

47-40 

2-91 CaO : P^Oj 


0*02M 

1 : 1 

0-0 


— 

No residue obtained 



2 : 1 

0-5 

44-00 

35-10 

GaHP04-3/2 HjO 



3 : 1 

0-5 

39-20 

43-30 

1-80 GaO : PaOj 
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TABLE 3 


Concen- 
tration of 
phosphoric 
acid 

Molecular 
ratio of 
GaCOg : 

P 2 O 5 

Amount of 
GaCOg 
added in 
gms 

Amount of 
product 
formed in 
gms at 5°G 

Amount of 
product formed 
in gms at 

30°G 

5M 

1 : 1 

6-2500 

4-8388 

4-7996 


2 : 1 

12-5000 

15-6114 

15-0002 


r-5 ; 1 

18-7500 

19-4016 

19-3112 

M 

1 ; 1 

1-2500 

0-7726 

0-7576 


2 : 1 

2-5000 

3-4386 

3-2024 


3 : 1 

3-7500 

4-0870 

3-9988 

0-2M 

1:1 

0-2500 

— 



2 : 1 

0-5000 

0-7144 

0-6208 


3; 1 

0-7500 

0-8432 

0-81' 4 

0-02M 

I : 1 

0-0250 




2 ; 1 

0-0500 

0-0738 

0-0678 


3 : 1 

0-0750 

0-0892 

0-0880 


TABLE 4 


Concen- 
tration of 
phosphoric 
acid 

Molecular 
ratio of 
CaCOi : 
P 2 O 5 

Percentage of P^O^ 
used up 

Percentage efficiency of precipita- 
tion of dicalcium phosphate 

5°G 

30°G 

5°C 

30°G 

5M 

1 -. 1 

29-40 

29-02 

56-92 

56-47 


2 : 1 

93-56 

90-65 

91-83 

88-23 


3 : 1 

99-92 

99-95 

— 

— 

M 

1 : 1 

21-29 

21-59 

41-34 

41-79 


2 : 1 

94-18 

89-73 

92 -CO 

88-34 


3 : 1 

99-05 

98-66 

-- 

r- 

0-2M 

1 : 1 . 

— 

- 




2 : 1 

94-64 

85-67 

92-77 

83-06 


3 : 1 

97-30 

95-98 

- 

— 

002M 

1 : 1 

— 

- 

— 

- 


2 : 1 

88-50 

85-68 

85*81 

83-26 


3 : 1 

97-28 

98-89 

- 

- 


Discussioo 

The experimeLtal results show that there is a gradual fall in the electric 
conductivity, when calcium carbonate is added to phosphoric acid in the molecular 
ratio for GaCOg : PqOq as 1 : 1 , 2 : I and 3 : 1. The conductivity of the filtrates 
is always maximum when calcium carbonate is added to phosphoric acid in the 
ratio of 1 : 1 and minimum when added in the ratio of 3 : 1 . Thus, it is clearly 
shown that the maximum number of ions are removed from solutions when calcium 
carbonate is added to phosphoric acid in the CaCOg : P 2 O 5 ratio of 3 : 1 . 

The pH determinations indicate that the hydrogen ion concenti ation decreases 
with the increasing amounts of calcium carbonate added. From these results it 
seems that hydrogen ions are continuously adsorbed op the surface of the solid. 
The uptake of hydrogen ions is directly proportional to the amount of calciuip 
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carbonate added. It has been observed that the pH of the solutions of CaCOg : 

of 3 : 1 is always on the alkaline side indicating that there is more of lime 
than P 2 O 5 remaining in the'solutions. 

It would naturally be expected that the successive addition of calcium 
carbonate to phosphoric acid in the molecular ratio of CaCO^ : P^Og as 1 : 1, 2 : 1 
and 3 : I 5 mono, di and tri salts should be formed, but ‘ from the obtained experi- 
mental results it is clear that quite a different salt of affairs exists in the system. 
On adding calcium carbonate to phosphoric acid in the GaCOg : P 2 O 5 ratio of 
1 : 1 , it has been found that at 0 -2M and 0-02M acid concentrations the whole of 
the added calcium carbonate has dissolved. It is remarkable that the solid 
residues have the composition of dicalcium phosphate instead of monocalcium 
phosphate. The ratio of CaO : P^Og in these solids is always 2 : 1 . It appears 
that monocalcium phosphate is formed in the solutions, but in concentrated 
solutions it breaks up into dicalcium phosphate and free phosphoric acid. 

Dicalcium phosphate with different degrees of hydration is invariably obtain- 
ed when calcium carbonate and phosphoric acid are mixed in the molecular ratio 
of CaC 03 : P^Op of 2 : 1 . With 0-02M concentration of the acid the solid formed 
is dihydrated dicalcium phosphate at 5°G. From the experimental results it 
appears that with the decrease in the concentration of the acid the solid residue 
has a tendency to pass from anhydrous to hydrated lorm. The compounds formed 
with the same concentration of the acid at 5 ® and 30°G differ in their degrees of 
hydration. It can be concluded that the degree of hydration of the solid depends 
upon the temperature of the reaction and the concentration of the acid. The 
percentage amount of PgOg that is used up in the reaction is always greater at 

than at 30°G with the same concentration of the acid. It appears that the 
neutralization of phosphoric acid with calcium carbonate in the ratio of GaGO .3 : 
P 2 O 5 as 2 : 1 is more facilitated at 5®G than at 30°G. 

From the experiments in which calcium carbonate was added to phosphoric 
acid in the GaGOg : P 2 O 5 ratio of 3 : 1 it has been observed that the solid 
residues is neither pure dicalcium phosphate nor tricalcium phosphate but a 
mixture of the two. It is indicated from these results that the formation of 
tricalcium phosphate from the neutralization of phosphoric acid with calcium 
carbonate in the ratio of 3 : 1 is incomplete. It has' been observed that the 
percentage removal of P 2 O 5 from the solution is always greater when calcuim 
carbonate is added to phosphoric acid in the ratio of 3 : 1 than with 1 : 1 or 2 : 1. 

It is evident from the results that dibasic phosphate can be conveniently 
prepared by adding calcium carbonate to phosphoric acid in the molecular ratio 
of 2 : 1. The optimum concentration of phosphoric acid which gives the maximum 
efficiency of precipitation of dicalcium phosphate when calcium carbonate is 
added in the ratio of GaCOg : P 2 O 5 as 2 : 1 is 0 ' 02 M at 5^G and M acid concen- 
tration at 30°G. Tt appears that this method of neutralization of phosphoric 
acid by calcium carbonate may serve as a cheap method for the manufacture of 
dicalcium phosphate which has been found to be as effective in crop production 
as superphosphate. Moreover, dicalcium phosphate is slightly alkaline and 
much richer in P^Og content than superphosphate, whereas superphosphate has 
marked acidic properties and in some cases the pH of the soil has gone down upto 
1*5, requiring more lime for cultivation. Dihydrated dicalcium phosphate is a 
valuable plant food and is also fed to animals especially when suffering from 
qalfing difficulties. 
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Abstract 


In this paper, we have established some expansion formulae for _H-functmn. 
These expansions are further generalized by Laplace transform techniques. *be 
results obtained are of a very general character and those for H-function already 
given by author [1] and for Meijer’s G-function given by Wimp and Luke [12] 
follow as particular cases. 


1. Introduction : 

Mellin-Barnes type i 
Jain [9] 


Fox [8 p. 408], introduced the H-function in the form of 
megrai, which has been symbolically denoted by Gupta and 


(M) H 


TO, n r I 

r ’ X 

5 L 


{{.ap , "}))} 1 

{{b(l> /3g)} J 


II T{bj-I3js) II T{l-aj + ajs) 

_Lr ^ 

27ri \ Q P . 

T II T{^-l>j+Pjs) .11 Tidj-O'js) 

j=zm+i 


where {(/r, 7^)} stands for the set of the parameters (/i, , . . . . , {fr> 7 r) ; 

X is not equal to zero and empty product is interpreted as unity l p, and^ n are 

integers satisfying I ^ q, 0 ^ n ^ p ; aj ( J = 1, 2, . . . . , ^)5 l^j (i = la 

• y q) are positive numbers and aj ( j = 1, 23 . . . . , (i == la 2, . . . , 

are complex numbers such that no pole of T{bh - = 1, 23 . . . . , m) 

coincides with any pole of (*=15 2, . . . , n) i.e. 

(1-2) I 3 h{(ii-V - 1) 

(i/j ''; = 0, I3 . , . . ; h—\y 2, ... * 3 m ; i = 1, 2, , n)* 

According to Braaksma p. 278 ], H— function makes sense and defines an 
analytic function of x in the following two cases : 

(a) If [i > Qs ^ ^ 0 

where 

( 1 - 3 ) A== I (iS^) -| i^j) 

(b) If/^ = 0, 0 < U 1 < /3“i 

where 


(1*4) 


i8 = II .A ^ 

/=! ^=1 


[ 23 ] 



From [4, p. 276 (6*5)], we have 

(1-5) ^ on ^l“) for small*. 

where S (Pj) - | [aj) > 0 and a = {h = \, 2, , m). 

From [4j p. 246 (2‘16)], we get 


( 1 - 6 ) 


m, n r I {{ap, a 

p,q Ln 


p)} 

m J 


0 (Uj P) for large 


3 P ^ p qn (f 

where S {Pj) - 2 (ay) > 0, 2 [c,^] - s (o'y)4- S {Pj) - S {P,) = X > 0, 

^ ^ ^+1 1 m+1 ^ 


I arg * I < and p = Re (£ = 1,2,.... ,. n). 


The behaviour of H-function for large * has been considered by Braaksma 
at full length. He has considered different sets of conditions of convergence for 
the integral given by (M). However, we restrict ourselves to above conditions 
of validity. 

In what follows, for the sake of brevity stands for fl I^ds). 

i=i ^ ’ 

2. In this section, we state the known results which will be used in our present 
work. ^ 

An integral due to Gupta and Jain [9, 6(a)] 


dx 


r «'■* »"■" 



G 

k 

Jo P,q 


1 {(^2) /^g)} J 

r, 1 

L ' • . . . , rfz 1 


JL_ H '”+/> ”+^ r ■?: 


p+f, j+r [s 




{(«n. “«)}, {{\- di- V, cr)}, (a„+j, f^ap, ap) 

{{bm, Pm)), {{I -Cr-V, <r)}, {b,n+i, Pm+i), ; {bg,p^) \ 


provided that + \ ph-) di] > 0 {h = I, 2, m ; i = 1, 2, , ft), 

+ l)+o- i^_L)J<o (J=l, 2, ...,/; ft' =1, 2, ... , n), X> 0, v>0, 

1 arg « 1 < IXtt, p > 0 and j arg | < ipw where m = 2k-\-2J- I - r 

and 


( 2 - 2 ) 


X = 2 iPj)- 2 (py)+ 2 {o-j) - 2 {o-j). 
e-P^ = G 

Properties of H-function given by Gupta and Jain [9] 


(2-3) 


H 


n 

P, q L 


a^)} 


- P> ^ . {{^qi ^Pq)}^ 


3 where c > 0. 
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^f,ql iihy J ^ P I «i))} I’ 

/o.cN w'”’”r \(^v^i)= - 1 

^ ^ L 1(^15 ^ 1)3 • • •’ J 

^ tilytl-^ 1 r I .... 5 (^jP 5 ”1 

/> - I 5 ^ - 1 L k^l 5 h)> • • • 5 (^^-U ^g-l) J 

provided n > 1 and m < q. 

The relation between G-and H-functions : 

(2-6) 

Pi ^ V {[^qi 1 )} .1 Pi Q \ , ^ 1 , .... 5 J* 

The relation between H-function and Wright’s generalized hypergeometric 
functiori [13, p. 287] 

, . r /n u n II r(a,-+«^-.) ( - a:)’’ 

(2-7) r l{(l-a^, oj,)} , M i=i 

/>. 9 +iL 1(0, l),{(l-:42,)Sg)}t rio 2 - 

II T(bj-^ ’* ! 

= [ {(5,. W> ■ J- 

3. Here we establish some integrals which are required in the development of 
the present work. 

(3- 1) r *»■* i <“’(-) H ”■” f *s «"»■ *",» 1 d. 


_ J_ rr ^+1, « + l 

pi + l 


I (1 “ ^3 5)3 {(^j33 B<^p)}y (a ■ 

1 (^4-^ - P + l3S)3 {(^g> S,S^ 


P+I 38 ) 


where 8 is a positive nuniber and provided P + ^f^)> 0 (y= 1 , 2 , ...,m), 

m q w p 1^1 

2 (|8,-) - 2 (j8/)+ a («3) - 2 {aj) = A, ■> 0, 1 arg ^:8 I < i A, ,r . 

1 m +1 1 w+l 

Proof : Expressing H-function on the left hand side as Mellin-Barnes type integral 

(IT), changing the order of integration, which is justifiable due to the absolute 
convergence of the integrals involved in the process, it reduces to 


m n 

II r(6,-Sj8,- 1) II r(l - aj + s^j I) CO 

T Jl r(l-^-+8i8,- I) II, r(a,-8a;|) » ■ ^ 

i=»»+i ■' ' i=n+i 


(x) dx, 
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1 

2^rf 



evaluating the inner integral with the help of [3, p. 292(1)], we get 

m n 

II iir(i-< 2 ,-+saii)r(p+SI) r(i+/3+«-p-8|) 

I LJtL - 

ft \ 2711 J q p 

T 11 T{]-~bj+^ftd) 11 
jz=:m+i j==n+i 


dx 


now using (M), the definition of H-function, wo obtain the result. 

r „ ^ . rr’"> ” r X J 
,3-2) J, 

•S® I (P, si {(< 2 p) 8 ®p)} 

18 1 

where S is a positive number and provided [1 - P-l 1 13 > 0 2, 

1 arg X I < ^ TT, 


1 


x-^-" ^p+ 


n+ir . 
/>+ 9 L 


• , m) 


S r S (^j) - s 03 j) + S (<*j) - 2 («j) = M > 0, 1 arg^s I < ^ ^ n-. 

The value of the integral (3*2) can easily be established with the help oi 
(2*2) and (2*1). 


Now, let 
that is 

and, let 


<#>(X) = «'^‘/(<) dt 


J ii) = H 


CT, n r 
P> 9+1 L 


«8/8 


{(a^j, Sop)} 

{{bq, bl3q)}, (>r, 8) 


then, using (2-2) and (2-1) we get 


(3-3) 


I, re r f8 l((ay, 8ap)}] ^ _ m, n T [ {{ap, Sotp)} 1 

9 1. I {(* 2 . Sf3q)} P> 9+1 L ^ {(* 2 . Sf3q)}, W, 3) J, 

where 8 is a positive number and provided | jSjJ > 0 (j=l, 2, . . ., 7re), 


t m 2 i> -n 

^ (/i,-)- ij (/?,•)+ s («i)- a («j)-i > 0, 

1 TO+l 1 Jl+l J ■ 

I arg ^8 I < I TT, 1 arg X 1 < i 

4. In this section, we establish a Lemma and use it in finding expansions. 
Assumptions : 

(() Let 8 be a positive number •, p, q^m and re are positive integers such that 
I < m < 2+1, 0 < n < /!. 

(«) Let I (%) - I (a,-)> 0 ,^ 8 a, 85 £ 0 ;.|,(i 3 ,-) - = . 0 , 0 < U8k; 8 j < 
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where fi = fl II (^ •) 1^3 g . | ) _ | _ § > o, 9^ 0 ; 

^ = l ^=1 1 1 

2 {fij) - 2 (aj) - §=0, 0 < I I < where «= 11 II (,^7)"”'^^'^* 

11 y=:l •' ^- = 1 

/ ... ^ r ^ n 

(zn)Let8 2 (a^) ~ 2 (ay) £E A > 0, j arg | < ^ : 

L 1 m-l-i 1 n+i J 

r m q n p “] 

S 2 (/3y) - S (%)+ 2 («y) - S (aj^ + l = (j& > 0, 1 arg ^5 I < i ^ ^ ; 

L 1 m+i i ^ n+i J 

i?e ^P+a+ > -a ( ji:= 1, 2, , m), i2e(a) > - 1. 

(«») Let «i(ift'+v) - ij - 1), {bh+v) ^ j8a( -/»-«->?- 1), 

(i^+v) ^ /3a( - (i- »? - 1) 

(v, 97 = 0, Ij . . . . . ; A = 1, 2, . . . . , m ; i = 1, 2, . . . . , n) 

then 


(4-1) 


wi’- H 


P,g [■'" |{(^a> 80g)} . 


r(“+i)-^=“ L «+i J /-> 2 ,? 4 -iL i {(^g. sSg)}. 8 ) J 


Proof-. To prove (4T), let 


(4-2) 


p^*q L 




ii^qi SPq)} 


{{ap, 8«p)} j ^ 2 )^ (a) 


Here fj;^) is a Laguer re polynomial. Equation (4*2) is valid since the 
left hand ^ide, in view qf (2*3), is a function of w and is continuous and of bounded 
variation in the' interval (0, od). 

Multiplying both the sides of (4*2) by e-'^ (r£;), integrating with 

respect to w from 0 to cc , interchanging the order of summation and integration 
on the right hand side, which is permissible due to [5, p. 500], we get 


pcc 

J 0 


p,q 




{(^p9 Sajp)} 

{(^^3 J 


dw 


= ‘’JV J” a)“ e-^ Lj^fW (») L/“) {wlckv, 


using (3*1) on the left hand side and orthogonality property of Lagucrre poly- 
poniials [3, p. 292(2 )j, [3, p. 293(3)] on the right hand side, we obtain 



\ W+lj ^ (—a — s)> (■" S) 

(4-3) Cy = j ^ pj^2, q+\ C (>' - 8), {{bq, SPq)} 

Now (4-2) with the help of (4-3), reduces to 


H ^ Z^WO , ^ .. 

P> Q L ^^q)} 


jsr=o T{<x+J{ -H 1) 


LAr(«) (w) H 


{{CLpy ^O^p)} j 

{{bq^ B^q)} J 

1 L I (A'-a 


m+l, n + 1 r g (-«-At, 8), {{ap. Sap)} 


N2ona+J^^\) '' p.\-2,q+ll. \{J^-l*,S),{{bq,S!iq)} 

On the right hand side, using the identity 


, (-M, S)J_ 


(4-5) H 


m+ 1, n+1 r I (- <J - f», 8), {{ap, Sap)}, ( - M,S ) 1 

/'+ 2 ,?+l r I (^-f*, 8 ), {( 6 g,s^ 3 )} J 

= fs (-®- /*> 8), (-A*, 8), {(flj), 8«i))} 

^ ^p+2, q+\ {[bq, SI3q)}, [JV- M, 8) 


(which is apparent from the definition of H-function) and expressing the Laguerre 
polynomial in terms of hypergeometric function [ 11 , p. 200 ( 1 )], we get the 
result (4‘1). 

Theorem 1 
Assumptions : 

(i) Let r, m, m and n be positive integers such that 1 m ^ 

^-|-K+1 and 8 is a positive number. 

(«) Let none of the following quantities be negative integers 

— c j* — /A ( 1, 2, • • • • , f), Fg — 1 (j = 1, 2, .... 5 m). 

[in) Let 2 (/3y) - % [aA-^-s-r > 0 when 0 ; 2 (jSj) ~ ^ == 0: 

when 0 < | 48 a ;8 | < jg-i where j 8 = 8 (p+»’- 3-«)8 fi (a_,-)“j (jg,-) ; 

/=i •' j=\ 

2 (^,-) - I («■;•)+(« - 0 > 0 when ^8 ^ o ; | (/3,-) - I («,•) + «- f = 0 
when 0 < [ ^8 ] <; a-i where a = 8 (a)+(- 2 -m )8 fi fl (fi 

i=i 3=1 ^ 


(iv) Let 8 2 (^,*) 2 -^2^ («,•)+/•-< j J =X>0, [ arg ^:8 m; 8 ] <|\’r: 

'.rt^q n jp -1 

® L 1 'll “ 1= ^ > 0, 1 arg I < I ^ , 


r 28 n 



(zj) Let - V - 1)9 (^^+^0 ^ Ph{-f ^ *" M - '^)5 

(^/j+v) (3h{ - [1 - V - \)i {bh + v) ^ Ph{Cg - - 1) 

{^v^ V=Oy 1, . . . ; ^=1} 2, . . , 5 z?2 ; i = I5 2, . . , ?2 ; ^ = 1, 2^ . . •it; ^=1, 2, 
(z?i) Letf+M + l = s+t. 

S T U t 

(to) Let S dj- s ti+ 2 Fj- % fj - 26^/^^ < (f - r) (1 - ^ 

i=i i=i *' ^=1 

(1 - Cfc + bhIPh) > 0, (F,- + >0 (k =\,2, , r ; 

i = \, 2, .... ,u i h = \,2, ... ,m). 


, r). 


then 

(4-6) 


w 


P H 


I, n-^r r cv ^ 1 

p-\-r, 5+^L^ ^ {{bqj 8^g^}> {(^s> 8)} J 


r(l - Cr - P' TjFu) I (- 1)^ 


T— JV, \ — — 


r(i - 4 - 1 ^) r(7i) ^=0 LA 1 - 4 - F 


X H 


772, 72 + ^+l 


-bl 


{ - F, s), {{I - ft ^ ^)}i ii^p> 

{{bq, Spq)}, {{I -Fu-P> 8)}, {M-P,S) 


] 


Proof : Fiirstly, we prove (4‘6) for the case a = 0, t = 1 and/j = a, that is 
,4-7) 1_A8 (, J 


r( 1 - Cr - /*) 


00 


(-IF 


s 

= r(a) r(i -</s- ■N=» JV"! 


r-jV, 1-Cr-M;w] 
r.xF.,, JX 

] 


72+2 r g j ( — 8)j (1 ^ ^5 ^)> 

^ ^ P4 2, ?+l r I {(*2. 802)}, {M-P,s) 

Our proof for (4*7) is based upon the induction on the parameters r and i 
(Note that the case r = j = 0 is the result (4*1) with a+\ replaced by a) Now 

to prove the induction on r, multiplying both the sides of (4*7) by zf; e 

integrating w.r.L w from 0 to co , changing the order of summation and integration 
on the right hand side and evaluating the integrals 


and 


r“ ^3 ^ + ^ I cs «| i{^r> s)}, {(tip, 8«p)} 1 

J. !((»,. 8^,»,«4, 6)} J'' 

f” „ X r. r - - <^r - 1 , 


with the help of (3*2) and [2, p. 219(17)], we get 

^m, n+r+l F ^8 j {(c,., 8)}, (a-, s), {{cip, 8a’3})}l 

q+sl LT8 1 {{b^, S0g)}, {(rf^, 8)} 4 




/.+ /+! 
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r(i-.,-rtr(i-..-i.) ? I- i)w ^ 
rwr(i-i,-i*) jr.o jci 

niy «-f2 


N, \ - Cy - 1 - (J* ; 


X H 


a^l - ds-P 

(■“ 8), (1 - « - P, 

i^+2, <7+1 L I {{^q> 

now replacing IjXhy w and identifying (r with <7^+15 the induction on r is completed. 

To perform the induction on multiplying, both the sidesi of (4*7 ) by 
j^x./x-cr^ replacing z£; by l/\ and taking inverse Laplace transforms of 


and 


m, n+r 1 

J& + r, ^+^ L ' ii^qy 8pq)}y {{^Sy S)} J 

r “ jv; I -Cr - P ; 1 / A “I 


.fr-i4./A 


by using (3^3) and [2, p. 297(1)], we obtain 
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” (-1)^ 


r(a)r(l -rfs- It*) 1(1-0- -#») J?=o JV! 
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X H 


' g 1 S)j (1 - " - S)j 8«23)} 
I {(^ 2 , 8 , 03 )}, (JV-F, S) 


/>+2, ?-4-l 

identifying cr with ds^i, the induction on s is completed. 

Now to effect the induction of ^ multiplying both the sides of (4*6) by 
Z^T+P-i integrating with respect to ^ from 0 to oo , interchanging the order 
of integration and summation on the right hand side, evaluating the integrals 

{[^ry S)}? {(<2^> 8^'^)} 


/ oo 

0 


and 


. m, n+r 

0 p+r, q-\-‘S 




^Pq)}y {(dsy 6)} J 


dz 
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^(r+/x.i H 


7?2, n+7 + 1 




( 8)5 {(1 jft Pj S)}> {(.^py 8 '^p)} 


0 p f 7+ 1, q + u + l L I {{^qy Bpq)}, {(1 - “ fS 8)}, (JV* - p^ §)J 

with the help of (3*2) and replacing X by Ijz we get 
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^8 2^8 


T{l^Cr-P) T{Fu) ^ (- 1)^ 
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{(^grj S^gf)}> {(1 — — /A, 8)}, (JV— /X, S) 
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multiplying both the sides of (4-8) by replacing w hy IJX and taking tke inVefse 
Laplace transforms of 




m, n-t-r-fl 
p+r-\-\, q+s 


and 


I (1 CT /! , 3)j S)}, 

.XS I {{bq, S/3j)}, {(d^, s)} 


s -a- P r ^ ~ - Fj Fu ; 1/X "j 

with the help of (3-3) and [2, p. 297(1)], we obtain 
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^SzvS 
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]x 


= r( 1 — a) 2^ \—^r’ p '■/ 
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m,n + t+2 [ J ( - S), (1 8), {(1 -/i S)}, 

(ibq, SI3n)h {(1 8)}, 8) 


X II 




identifymg o’ with /i+i, the induction on t is completed. 

To prove the induction on multiplying both the sides of (4*6) by 
replacing-^ by l/A., and evaluating the inverse Laplace transforms of 


,-p-/i h'"’ ” + r“(i| 8)}, {[ap, 8«p)} 1 

i5+n?+dx8l{(*2, 8/3g)}, {(4, 8)} J 

and 


\-P-F 


^m, n-ff+l 


xs 


with the help of (3’3), we have 


( F> 8), {(1 — ft — F, 8)}j {.{ctpi S^jj)} 

iih> 8/5g)}, {( 1 - -Fn - F, 8)}, (^ - F, 8) 


(4-9) 
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Z^wb 


{{Crs 8)}, {( 8'»i>)} 

{(ig, 8^g)}j'{(ds, 8)}, (1 “ P — Fj 8) 


= 4(1 r(p’j 2 ( - 1)^ p r - JV, 1 - cr - F, 

1(1 - - F) r(/() ^=0 JV! [/t, 1 ~ 4 - F 


„ ^5 K+i + 1 r g j (- 8), {(1 -ft - F, 8)}j {(Fp, 8<ip)} 

1 J L 1 {(^^3 {( 1 "* 8)}> ( 1 — P “ S)? (•AT — 8) _ 

Multiplying both the sides of i,4‘9) by integrating with respect to 

w from 0 to oo^ interchangihg the order of summation and integration on the right 
hand side and evaluating 





^-Xw 


n+r 


^ g 1 {{^rs S)}? {(^jp3 So-^)} 

i S,8gr)}i [{ds9 S)}? (1 P 
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and 


f ^p-i g-\w 
J 0 


' M, \-Cf- P;Fu IV) 
/«, 1 - 


dw 


with the help of (3-2) and [2, p. 219(17)], we obtain 


- w'”’ 


n+r r {(^n 5)}^ { 

-f r, ^4-^ L J 

r(i-^/«-M) r(/«) ^=° JV! L/f. 1 

ffi, n+i + l r „ I (- 1*, 8 )> {(^ "/i “ f'’ s)}, {(^2jp, S«ij)} 

^ /.+«+!, ?+«+2 r I {(^ 2 . S/^g)}, 8 )}, (1 - P - 


■ Cy P; 1/X' 


3), (JV- 


X"! 


replacing 1/X by o) and identifying P with F„.h, the induction on u is completed. 

Inversion of the order of integration and summation, in the proof of the 
above expansion is in-accordance with [5, p. 500], under the conditions stated in 
the theorem. 

By virtue of the identity (4*5), the right hand side of (4-6) can also be 
written in an alternative form. 


Theoeem IL 


Assumptions : 

It) P, q, r, S, t, u, m and n are positive integers such that 1 < m-\-s < q+s, 

0 < m+t <, q+t, 0 < n < i>+r, 0 < n < and 8 is a positive number. 

(it) Let none of the quantities be negative integers 

dj+fx. - 1 ( j = 1, 2, . . . . , ^) ; Fi - 1 (i = 1, 2, . . . . , m). 

a P t. ® 

(Hi) Let I (Pj) - 2 (a'_,-)-t-(j-r)>0 when ^Sa^S^O ; a (13 j) - 2 {«j) + {s-r) = 0 

when 0 < j 1 < i8'^ where ^ = 8(P+’’-3-«)8 II^(«j-)“i^;ft (Pj) 

q p 

1 (o .) _ I (a^-)-l- (t-u) >0 when U (^j) - S ("’i) + (< - «) = 0 

1 *' 1 11 


when 0 < 1 I < a-i where a 


8(iJ+«-9-08 (ax)" 3 II (fiA % . 

y=l *' i=l 


[tv) Let S 


r m 

Lf 


(/>,•) 


- s (^i) + 

m +1 


n 

S' 


(ay) 


P 

- S (Oj)- 
n-f-l 


■(s-r) 


=\>0, |arg^8a,8 | <Jxti 
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r m - ^ n P 'i - 

arid 8 2 {13 j) - 2 (j8/)-t- 2 (o,-) - S (aj) + (i-M) =^>0, | arg j 

L 1 m+i ^ 1 ^ 71+1 J 

(») Let <xi{bj^+v) ^ - 1) ; «^*(4+v) - ?? - 1), 

+ ^) (ai-V -1) ; ai(l -M+i') {- di - V - 1) 

(v, 1, . . .; A=l, 2, . . .5 m ; {=1, 2, . . . ^ 2, , . .3 /=1, 2, . . . . , 

(rf) Let^+w-j-1 = 


' S T U ^ 

[vii) Let % dj- Cj-{- :S -Fj - 'S fj -2(1- ai)/o(i < (^ - r) /x - I, 

^•=1 J = l •' i==l /=L*' 


r4”l“(l ^ ['FX+(1 ^ 0 

(A = 1, 2, . . . . 3 i ; ^ = I5 2, . . • 3 M ; t = I3 23 ... 3 w)3 


then 

(4*10) 


i:r 


P+r, q-^s 
00 


2:£;8 


{(<z_2)3 {(^r> 8)} "] 

{{dsi 8)}, {(^^|[> 8^g)} J 


r(4 + /^)r(F^) ^ (^1)^ 
r(^r+M) r(/i) ^=0 —jrr 


- jv, 4+/*3 Pul 
L J^fs “h/^ 


w r ^ I {(^jp5 8'^jp)}j {[Pu ““ V‘> 8)}> (1 “ - y>y 8) 

^p-\-u-\-\,q+t+\ (l -/«, 8),{(/!-/^, 8)}, {(ig, 8,33)} J, 
The proof of theorem II follows on the similar lines as that of theorem I. 
With the help of the identity 


{(a^, a^)}, (1-jV-M, 8) ■ 

( 1 — M, 8 )} {(^gi /3g)} 

^ n +1 r j (l-iAr-f*, 8 ), {(a;), ®i))}' 

= H) " ^+ 1 , g+1 L * I {(ig, /3g)}, (1-M, 8) _ 

which easily follows from the definition of H-function ; the right hand side of 
( 4 * 10 ) can also be writen in an alternative form. 

Note that the expansion formulae are valid under the assumptions stated in 
the theorems. Even when the expansions diverge, a meaning in the asymptotic 
sense can often be assigned to the series which make the theorems useful both 
theoretically and computationally. 

5. Particular cases 

[i) In (4-6), taking [i =: 0, t ^ u - 0, s = r — I, we get a result given by the 
author [1, (4’1)], with z and w replaced by w and X. 

(«) In ( 4 T 0 ), putting = 0, t = u = 0, s = r = I, replacing 4 ; and whyw and X, 
we get a result due to author [1, (4'4)]. 


(4-11) 


H 


m + 1, n 

/f'+i, 9+1 L 
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{tit) With }i = 0, S = U aj ■= \ (j = /» ; A = 1, 2, . . . . , q),ft 

and Fu respectively replaced by and /3« ; (4-6) in view of (2-6), reduces 
to a known result [12, p. 360(2’3)]. 

(iv) In (4*10), setting /a = 0, S = 1, = l^h = U - ^ P I 

A = 1, 2, . . . . , g), replacing ft and Fu respectively by <xt and using 
(4*11) and (2*6) we get a known relation [12, p. 362(2*7)]. 

(v) Using (2*7), the results (4*6) and '4*10) reduce to expansions for Wright’s 

generalized hypergeometric function. 

I wish to express my sincere thanks to Dr. R. K. Saxena of G. S. Techno- 
logical Institute, Indore, for his kind help and guidance during the preparation of 
this paper. 
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Abstract 

In this paper an attempt is made to obtain some formulae, mostly generating 
functions, involving Hermite, Laguerre and Gegenbauer polynomials. 


1. Introdaction 

This paper is in continuation of [4] and is aimed at obtaining new 
involving Hermite, Laguerre and Gegenbauer polynomials by employing 
ception of fractional derivatives defined by 


(H 


D ^ } 

w 


_d^ 

dw^ 




: r(M=x) 




formulas 
the con- 


Throughout we shall be applying the definition ( 1 ) on series of the type 
Sil(n) and 2i4(n, k) a:X+»+/;-i and our object, as such, would be to augment 

parameters by differentiating these series term by term. 


2 . 


(2) 


Let us consider the generating function 


n=:0 


Replacing i by { 1^) we obtain 

n=0 « ! ^ ' 

Multiplying both the sides hy and applying the operator Dyk-f^, it becomes 

X D.X-/X r X f 

n=0 ”• I rio *=.0 

Now 
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and 


[A ly, 


( ^ 1 i7x) 


Thus we arrive at 

V . 


n=o ^FSX>U+hhhlt^+h-tY)- 


For the definition of ^ i j«« [2, p. 225]. 

If we putj» = 1 and X = - m, (3) becomes 




Again, putting a; = /, dividing j; by X and letting A, oo , it follows from (3) 

that 

~o (1+/^),-. oP'ii—; 4M+J, iM-fl; - 4 iV)- 

We rewrite the generating function (2) as 

^ ^n{^) 2 


Multiplying both the sides by and applying the operator 
it becomes 


^ H^{x) . ( ^ 

.?„ — 1 ,ii 






^A+».+r-i I 3= Z ^A+2n- 


I f\+n+r-i|. = (X+n;M+«+l; -2 a:«) 


I t-^tA+2n-i| = |a+ 4 ; iM+i. i/*+i ; 


it follows that 


(6) 2 ,-i^ 


i^))i ^ni^) 


i^i( A+w; 1;-2 a;^)^^'-~^F2(JA5J A + l 5 jM+i,|M- + l;-^^). 


In case A = /* + m + 1, (6) yields the known result due to Salam [1]. 
Similarly^ if we write down (2) in the form 

^ tX+n-l f.iA _ ;A-1 gixt 
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and employ the operator we obtain 

M n ^ni^) P r i(X+^+l) y 

„=0 «'• ® ® U(M+n + l), %(/i+n+2) 


i!n=iFi (X;fi+I;2xt}. 


3. Now we consider the geneias;ing function for Laguerre polynomial 

Multiplying both the sides by and applying the operator 
we get 

E 

(!+«)„ 


^ E 

^ /A.+n+i-i'l 

r ^ 

£) A-/X-1 J V 

( fX + 71-1 1 

1 r=0 

ri } 

( n = 0 n 1 



which yields 

(9) E n — i-F'i(f'-x+ijM+«+i;0<”=«^i^2(^;i+'si4-/‘;-'*0- 

„=o (1 +<»)„, (1+M)„ 

For A. = iw- + - 4 - I 5 ( 8 ) reduces to the formula due to Halim and Salaam [3]. 

4. Lastly, we take up the generating function 


(10 ' X = (1 - 2 a:/ 4 - (.r + ^^‘^- 1 "-/)-^ (x 

/. = 0 

We replace/ by (1 -j) /, multiply both the sides byj/^“^ and apply the 
operator ^ so that 


E C„“ [X) <» Dy^-y 
n = 0 



-2 a 


l«,r = 0 




n\ r\ 


{- 

\ ;r 4- y a:‘^- 1 “^ / 


-/ 






where 


= (I - 2 a:/ + 


Now 


I E ^ j' / 3+-1 I = J"'-' a^'x (-"x ^\yiy) 

t r=0 


and Dy^-y\ £ 

w!’’! \ 


r(7) 


r(/3) 


/__^L YyP+n+r-xl 

x+vx^-^-t I \x-vx^-i-y ) 

:yt ~yi \ 

'-i-t }• 


“ T(y) ; 1 ' ; x+Yx^-i -t ’ x- v^®- 
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( 11 ) 


Therefore it follows that 


£ C„(“) ix) ,Fi(-n,^;y,y) 

f2=0 

-yt \ 

== F, {P;o.,a;y, _ t/x*-! -/ / ’ 

If we divide yhy ^ and let ^ cc , (11) fields. 
n 


(12) 


X --r C„'‘ (^) iy) 

n = 0 


= P-**® ^2 


( «, « ; V ; ^ 


-yt -yi 

-f Va'^-I -t ’ A-y" A® 


r:r) 


For the definition of see [2, p. 225]. 

Further, if we put 7 = 2a and then use the relation 
a ; 2a ; 2x, 2y) = e''+v 0^1 “ +i ; -I 

(12) reduces to 


(13) 


^ n! 


vt 


naO (2a )„ 


C/ (a) (j) 


{x-t) 


X „Fi 

(13) is due to Weisner [5]. 


; j;®<® (*® 


La+J 4<.‘ 


^^' 1 . 
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Abstract 

In the analysis of mixed boundary value problems we encounter dual integral 
equations of the type 

(1) g{t) dt =f{x), 0 < X <l 

(2) f t^Jvixt) g{t) dt = F{x), X > 1 ; 

J 0 

where f{x)^ F{x) are given functions of x and g{t) is to be determined. 

A solution of the dual integral equations (1) and (2) is given in the form : 

CO . 

( 3 ) ~ ^ t (^)3 

valid for 71 = 0, 1, 2, ... j R(l^ + 1) > 0, R{\ ^ 1) > 0, m ^ n^ 

/2(2 p + \ + 2 772 + 2) > i2( - X) > - 1, 

i?(v 4- M + \ + 2 772 + 2) > i^(a - /5 X) > - 1. 

A few particular cases have also been given. 

1. Introduction 

In the analysis of mixed boundary value problems, we encounter dual 
integral equations of the type 

( 1 ) J s(i) dt =/(*), 0 < < 1 

(2) r t^Jvixt) g{t) dt = F[x), x>\ I 

where/ x)^ F[x) arc given functions of x and is to be found. 

Tranter^ solved the pair of integral equation (1) and (2) for the case when 
fx = r = 0, ^ = 0, F{x) = 0, and applied his solution to potential problems with 
axial symmetry. 
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in a diflerent paper, tranter” derived the solution of the dual intpgril 
equations (1) and (2) for the case in which — v, fi ~ 0, Fix) ■— 0 and utilized 
the method in solving the diffraction problem of electromagnetic waves. 

Recently, Sneddon^ has given a f ormal solution of the dual integral equations 
with trigonometrical kernels. Sneddon’s results have been generalized by 
Srivastava® by taking Bessel function and trigonometrical kernels in the dual 
integral equations. 

The object of the present note is to generalise further the results of Srivastava 
by using the following result due to Tranter [6, p. 97J. 

(3) Jfiiz sin 0) ■ 2 Fi{ - n, [i + i' + n +1 ; + 1 ; sin- 0) sin'" + ^ 0 cos-''+’ 0 d9 

= r(p + 1) r^v + n + 1) [r(M + n + l)]"^//x+v+j>n+i 

valid for n == 0, 1, 2, . , . , R{iJ> + 1) > 0, R{v + 1) > 0. 

2. Solation of (1) and (2). 

Given that the functions /(;v) andF(A:) can be represented in series of Gauss’s 
hypergeometric functions in the forms 

(4) fix) = f «« 2^ 1(1* + X + m + 1) [r(M + 1) T{m + l)]-i 

sFi (/* -h X -f m + 1, - m ; /* + 1 ; 

(5) F{x)=: s 2^+/^-* r((X-fjn-[-l + iV2-f >'/2+j6/2 - a/2) 

' m=i 

[ 1 ( 1 * + X - 1 - 2 m + 2 ) r( - X - m - / 3/2 + a /2 + v 12 - i*/ 2 )]-’ 

2 -P'i [X+m+l*l-(l* Hr r ad-/3)/2, X-f-?w+ ! + (/* - v - a + /3)/2 ; it-l-X-}-2m+2; 1 /a:“], 
and /(at) satisfies the condition 

(6) (1 - X')^ - n, M -i- *' ■+ « -h 1 ; M -h 1 ; ]f{x) dx = 0; 

then the solution to the dual integral equations is 

(7) g{t) = 

m=:n+3 

valid for n = 0 , 1 , 2 , . . . , R{ 1 ^ + i) 0 , /?(A, H" 1 ) !> Oj 

jR(2p -t- A.Hh2m+2) > jK ( - X) > ~ Ij 4- f^H-A + 2 + 2m) > R{<x - -X) > 1* 


3. Verification 

On substituting the expression for f{x) from (1), interchanging the order of 
integration and evaluating the A?-integral by (3), we have 




«5 1 * -h >' -f « + 1 ; M -h 1 ; x^)f{x) 
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= 2^ r(/t + 1) r(A. + n + 1) cr(p + « + 1)1-1 

^ I f^+X+2n+i S(^) 

= 0, when m ^ n» 

The right hand side of the above expression becomes zero when we make use 
of (7), interchange the order of integration and summation and evaluate the 
/-integral by \ly p. 404]. 

(4) and (5) are easily obtainable from [1, p. 48 (9)]. 

The solution of the integral equations (1) and (2) for the case in which n = 
0, a = 2^ - 3/2, = 1/2, /A = V, A. = A; - 1, F{x) = 0 is a known result due to 
Srivastava^. 
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Abstract 

In this paper we obtain the image of the H-function defined by Fox in the 
generalised Stieltjes transform. Later on certain recurrence relations for the 
H-function are established. Since this is a very general function many results 
can be derived by giving particular values to the parameters. 


1, Introdactioii 

The aim of this paper is to obtain some recurrence relations for the H-func- 
tion defined by Fox Page 408]. The inethod used is that of operational 
calculus. First we give images of the H-function in the following transform 

(1) f(s) = r"* f b ;c;- i/s) e{t) dt 

J 0 

where c 9 ^ 0,- 1, - 2, -■ 3, . . . . Transform (1) is a generalisation of Stieltjes 
transform 

(2) /(j) = J“ + f)'’ 

For (1) reduces to (2) when a = c and 6 .= 1. 

Later on the image of the H-function thus obtained are used to establish the 
recurrence relations. 

Since Meijer’s G-fuuction 11, page 207] is a special case of the H-function, 
the image of the G-function in the transforms ( 1 ) and (2 ) and the recurrence 
relations for the G-function follow as particular cases of our results. 

The definition of the H-function used here has slight difference in the para- 
meters to that given by Fox. We define 

m, n r 1 (flj, ej], {a^, e^), (up, ep) 

r 1 {bq,f^) J 


•in . 

r ( bj -/^- 1 ) n ( i -«_,• + 0 


2-^1 i r q P . 

II r(l - -h/j; I) . II I(^i 


/ dt 


^Present Address : Government College, Ajmer. 
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where an empty product is interpreted as unity, 0 ^ m ^ q, 0 ^ n ^ p ; e's and 
f^s are all positive. L is a suitable contour of Barnes type such that the poles of 
-fj 1, 2, 3, . . . , m lie on the right hand side of the contour and those 

of 1(1 - < 2 ^ + I), j = 1, 2, « lie on the left hand side. Also the para- 

meters are so restricted that the integral on the right hand side of (3) is 
convergent. 

If we apply the formula : 

T{mz) = H t(^z + ^ J 


to the right hand side of (3) we arrive at the following simple but interesting 
formula connecting the H-function and the G~function 


i {b.„ s),.. . , 'bq, ^)J ~ ^ p,q r‘ I b^, b., 

where i is a positive integer. 

In this paper we have assumed all parameters to be real. 

2. The following result will be proved in this section ; 


( 4 ) 


H 


m, n 

P> 9 


> \ 


(5) 

r' 1 

J 

f* =F,, 

' 0 

'<2, b \ c ; - tjs) 4^{t) dt 

r(a)r(ii ‘ 

X 

^ m + 2, « -f 1 


1 (- U "), (o., «i), . . . 

. . . 5 ^p\ {C — 1 - Ij O’) 


+ 2, 9 + 2 

1 

1 

i 

1 

U (^ 19 / 1)5 • • • • 3 i^qsfq) 

where 





4.[t) = H ” 

zf^ 

(^l> ^l)> (^25 ^ 2)5 • • • • 

. . 5 (dpi Cp) n 


P,q 

' 

(^ 15 ^ 1)5 (^ 29 ^ 2)5 • • • • 

• • 5 (^gs fq) -1 


] 


provided that (cr) > 0, (^) > 0, ^1 

and - I - \ - (T > ^) (A = 0, 1, 2, .... m) and one of the following sets of 

conditions' are satisfied : 

(f) > 0, j arg (^) 1 < J 

(u) X > 0, j arg (^) 1 ^ J ttXj (/^ + 1 ) > 0, + Z + 1) <0. 

Here X and ii stand for the quantities 


+ / + 0 - 

fh 


> 0, ^ - 1 , 


. ^ 
fh 


n p mg 

2 (ej) - (ej) +.S ifj) - . ^ (fj) 

^=1 •' j=n-hi ^ 3=1 ^=m+i 


and 


l{p-q)+ I (^i) 

^ = 1 ^=2 
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If we put a = c and b = I in (5) we get the following image of the H-func- 
tion in the well known Stieltjes transform 


( 6 ) 


where 


f” {s + t)-^ e{t) dt 

J o 

m + i,« + i r 

^ p^\,q + \ L 

(or) > 0, (j) >0, 0 > ^ M or > - 1, (A = 0, 1, 2, ... m) the other 


("" (^l> ^l)i j 

{-h^)y(b,.fl)y . 


conditions of validity being one of the conditions (i), {it) of (5). 

The following result will be used in the proof of (5) [1 , page 79] 

= /: ‘ 

Proof of (5) : From (1) 

5" 


( 8 ) 


b ; c i- tjs) <j>(t) dt 

AOO 

= b ; c ; t/s) X 

X H ^ \ Z \ ^jp) 

A ^ L I {b^tf^)^ > ^bq^fq) 


dt. 


Substituting the value of the H-function from (3) in the integrand of (8). 


we get 

( 9 ) 


[ij 


b i c — tjs) X 
m n 

II VibjJj i) II r(l-«y + eji) 

^=1 J=l 


Ui^)^ d{^dt. 


L 11 r(i fi 

If we interchange the order of integration in (9) and evaluate the ^-integral 
with the help of ( / ) it reduces to 


10 ) 


r^c) I f 

r(a) r(A) ■ 2771 J 


i.fl n\-bj-\-fjk) fl [a^-ej^) 

0=m+'i « — -^1 ■' •' 


J=n+i 


r(a-/-l -cr|)r(A-^-l-.r ^) r(/ + 1 + «rg) 


r(c-Z- l_(r I) 


[ZS^)^di, 



On interpreting (10) with the help of (3), we get (5). 

The contour L runs from - f co to + f co such that all the poles ofX{bj - fj Dj 

7 = ,2, m - 1 - (T I) and (6 - / - 1 - |) are to the right and all 

the poles of !( I -- Osi = 1, 2, « and (/-hi -h I) are to the left of 

the contour . 

Regarding the inversion of the order of integration in (9) we observe that 
^-integral is absolutely convergent if ( 5 ) > 0 and [a - I - 1) > 0 

if «</?;{/>-/- 1 )> 0 if ^ 

To investigate the convergence of the | - integral in (9) 

we put I = ix, z = in it and take the limit as a; co , since [1, page 47] 

Lim r(A; 4 - ij; ) = (2 tt)^ . \y p-i . rM a/ 1 
I j; ] ^ CO 

the absolute value of the integrand in the (-integral is comparable with the 
expression 

f 2/ [ . I /X ^ 

where A, and [i stand for the same quantities as in (5) and 0 = [ arg. (z) 

Thus the |--integral in (9) is absolutely convergent in at least one of the 
following conditions 

(i) A. > 0, 1 arg {_^) j < i tt a. 

{ii) \ > 0, J arg (^) ] < ^ TT A. and (p + 1) > 0. 

On obtaining the conditions of absolute convergence of the resulting integral 
(lO) in a manner given above we observe that the inversion of the order of inte- 
gration in (9) is justified under the conditions stated with the theorem by virtue 
of de la vallee Poussin’s theorem [3, page 504]. 

Particular cases : 

If we put or = j in (5) and further put e'^s and /'s equal to s and interpreting 
the H-lunction involved with the help of (4), we obtain 

f bid - tjs) X 

J 0 

^ 1 ^ ^13 ^2} ^‘P\ 

X G f I j dt 

p3 ^ \ 1 ^15 ^25 

“r(a)r(6) ^pj^2,g+2\' ' a - I - b -I - \, b„ . . . , ^ . 

The conditions of validity can easily be obtained from the conditions of 
validity of (5). 

If we further put a = c and b ■= I and slightly adjust the variable we arrive 
at a known result [2, page 418]. 
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3. Lemmas 

The following preliminary lemmas will be needed to establish the recurrence 
relations of the next section. 


Lemma 1 (a) : 

If t F{a ± I, b ; c - I : - t/s) <}>{t) s i(0, co ), (i*) > 0 and 
^ ^ 0, - 1 > - 2, - 3^ j then 


/ CO noa 

F -f- a I F{a + 1) ^(0 + 

0 Jo 

+ r tF(a+ V <p(i) d^-(c-^b) F(b -- 1) i>(t) di = 0. 
Jo Jo 


where F, Ffa db 1), ^-nd F(i - 1 ) stand for F(a^ i ; r ; - t/s ) , F{a i b ; c ; - t/s) 
and F{a, b - I ; c, -- t/s) respectively. 

Proof : Since [1, page 103(33)] 

ic--a-b)F+a{l--z) F(a + l) - {c - a) F{b 1) = 0. 

Replacing z by (~ t/s) and multiplying by i>(t) and then integrating between 
(Oj co), we get the above lemma. 


(b) {c-2a) f F <f>(t) dt +■ (b - a) f ^F^(0* + 

Jo Jo 

+ ^ f F(a + 1 ) ^(0 dt -j- a f t F{a + 1 ) <^[t) 
Jo Jo 

A 00 

- (c - ^) I F(^ - 1 ) ^{t) dt = 0. 

J 0 

(c) (c - a - J) f F dt + a f F{a -f 1) ^h(t) dt - 

Jo Jo 


dt^ 


~ “ 1) [ " n <p{^) dt ==^0. 

J 0 

Proof: To prove [b] and {c) -wc use the following recurrence relations 
respectively [1, page 103(31) and (35)J, 

lc-2a- {b- a) z']F-^ a {\-z)F{a^ \) - [c -- a) F{a - 1) == 0, 

a. 1) i? + ^i7(^ + 1) 1) 1) == 0 

and proceed in a manner similar to that of lemma 1(a). 


4. Recurrence relations 


Taking 

ct>{t) - 

p, q 


(aj5 ^i), (jo, off. J (^j)5 n 

{^i^fi)> 5 J 


in lemmas 1(a), (Z>) and (^) and using (5) we obtain the following recurrence 
^relations respectively after making slight changes in the parameters. 
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(t) ^2 ^ 

^ ^ m, n 1 ^1 {diy Bi)^ ^p~i)i ^i) ^ 

^5 ^ L ' (^13 (^ 2 > ^1)3 i^SiSs)) •••••} ^^g.>Sg) - 

^ m, 72 r ^ ! («i> ^1)5 (^2^2)3 (^j )']3 ^ 5 )-i }5 (^j 33 ^1) I ^ 

P> ^ L 1 (^1 Hr i 5 ^1)3 (^23 ^1)3 (^33 fz)} •••••• y i^qy W 

m^ n r I (/2i - I3 €i)j (^23 ^2)3 3 (^p-i 3 ^|)-i )3 (^j 33 ^1) 1 

py ^ L I (^1 + ^3 ^I'^S (^2 “ ^3 ^1)3 {hyfz)y i^qyfg) J 

— (^2 “" ^1) "" ^2) ^ 


X H 


m. n ' 

X 

Py^ - 


^l 3 ^i)s 3 (^ 5 )“l 3 ^39-1)3 {^py ^1) _ Q 

'• ^) j 


when 

(n) 


i (^13 ^1)3 (^2 ^3 ^1)3 {Pzyfz)y • • • • 3 {^qy J^g) 

m'^ 2 ^ p'^n+l >3. 

( 3 i - + 1 ) (< 2 j) - - 2 - 1 ) X 


X H 


m, n 

P,q L 


(^U ^ 1)5 • 

(^IJ «i) (^2) ^ 


’ (“jj-ij ^^i-x)> ^ 1 ) ^ (6i-ai4 1) 

®i)j (^ 35 / 3)5 [f>q>fg) J 


X 


X H 


X H 
+ H 


+ 


^ ^ (^IJ ®l)> J (^^-l> ^x) 

P, <1 I (^1 +llj «l)» (*3. «l)» (*3»/3)j (*g>/?) J 

4 “ (^1 *" ^1 H“ 1 ) (^2 ■“ ^1) ^ 

72 (^13 - I 3 ^ 1)3 (^23 ^ 2)3 {^P-13 ^ 55 - 1)3 (^i>3 ^i) 

A Q .. (^J - ^ ^ 1)3 (^2 I 3 ^ 1)3 (^ 33 / 3)3 i^qyfq) 

m^n ^ - I5 ^1)3 (^2 ^2)3 • • ' 3 (^ 5 )*-i 3 ^55-1)3 (<^p 3 ^1) 

Py ^ ^ 1 )* (^2 ~ ^3 ^ 1)3 ipz^f^y • • • • 3 (^^3 y'^) 

(^1 — + 1) ^ 1 ) ^ 

,, 772, n 


+ 


']- 


Py q 

when m>2, ^3 

(222) 

/ A W U 

[dp - 1) O 

Py^ 


(^13 ^1)3 (^2^-15 ^^>-1)3' (^p3 ^j) 1 _ Q 

(^1 ^3 ^1)3 (^23 ^1)3 (^3 3^/3) 3 . . • • 3 {^ qyf <^ J 


(^13 ^ 13)3 (^^3-13 ^p-'i)y {^py ^1) 1 ^ 

(^13 ^1)3 (^23 ^1)3 (^33/3)3 • • • • 3 (^23 /g) J 


+ H 


m 3 72 r I (^2>-'l3 ^^ 3 - 1)3 (^^33 h) 


^3 ^ L I ^^23 ^1)3 {^Zyfd)y i^qyfq) 


] 


+ 


^ m,r> ■ ^ (fli, «i), {ap-i, ^i) "1=0 

9 _ (^Is ^^2’ ®l)» ’ (Pqifq) J 

when jn>2 , /i^k+A 

Many other recurrence relations can be obtained by using the relations 
[1, page 103 and 104]. 
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Particular cases ; 

The following relations for the G-function are obtained by putting e‘‘s and 
/ s equal to unity in the recurrence relations (z), (n) and (m) of the last section. 


(Up-5l- + a,- 1) o'”’ ” ( 

p,q\ \bi, b.,, 


rn, n r a,, a.,, 


> ^ .f (7 i 


p,q\ + \, b.,, . . . , b^ I p,q ^ I /h + U ^2 - 1 , b^, . 

- (*2 - a,) iap - 6o) G 'V > ^P ) .. o 

p, q \ b.,- 1, *3, b,i 

when zre > 2, /) > n + 1 >2. 

(*1 - «! + 1) (aj, - a, - 2 4, - 1) f ’ ' 

^2> •' 

+ {b,-a, + 1) (i„ - g'"’ ” f a: K” ’ 


+ (i,-ai + 1)G ""’"Y* 

pi q ^ (6| -{- 1, ^ 2 , 


+ G / 

^ ^ j • • • • « 

■ •. ’ ‘^p \ 

Piq ' 

^ . ^15 ^2 ^3 h> • • 

..,bgj 


- (6j-a, 4- 1) G ‘ 

I 

when m > 2, /> > n + 1 > 2. 


m, n f a^i a.^ 


Pi ^ \ I Ij b.^i • , • i bq 


’ ^ 0 


2p - 6j - 1) G ” Y a: ’ ^ -L 

Pi 9 \ by,b.^, ,bq/ 


+ G ( 

^ X i 

' 5 


' X • • • 

3 

_ 

P,q ' 

^ i + 1, ^2, . . 

• • 

/ p, q ^ 

^ bli b.^, . 

. , y bq ^ 

/ ~ 


when zk>2, 


I am thankful to Dr. K. M. Saxsena for his kind help and guidance during 
the praparation of this paper. ® 
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Abstract 

The object of the present paper is to obtain few images of confluent hyper- 

Riemann-Liouville (fractional) integral 
and Weyl (fractional) integrals by using two theorems recently proved by author 
Few more connections have been also established between fractional integr^. Is! 
Varma, and Gauss hypergeometric transforms. This has been done in the form 
of some theorems which include as particular cases some known results. By using 
a th^prem, the image of H-fimetion in Riemann-Liouville (fractional) Integra has 
also been obtained. 


1 . We call 

i^+f{p) = Ry.{f{t ) ; ^} = J^/(<) {p - dt 

the Riemann-Liouville (fractional) integral of order and 

JC^-f(p) = lV^(/it);p} = ^ J" f(t) (t~pf-^ dt 

the Weyl (fractional) integral of order p, of /(f) [2, p. 181], 

The classical Laplace transform, 

(1*3) ^{p) = p r e-P^f(t) dt 

J 0 

was generalized by Varma [8, p. 209] in the form, 

(1-4) 4>{p) =pj'^ e-!pi ipt) (pl)f(t) dt, 

when A; + m = J, (1’4) reduces to (1*3) on account of the well known identity^ 
(1-5) 


Recently Rajendra Swaroop [7, p, 107] gave a 
transform, 


( 1 - 6 ) 


HP) f 


“ /(f) dt 

0 'P + 1)1^ 


generalization of Stieltjes 
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m the following forth. 

(1*7) 4>{p) 

when M = »' (1-7) reduces to (1-6). 

We shall also use the Gauss-hypergeometric transform in the following form 
[4, p. 107] 

(1*8) m ,Fr ( d( 

When M = (J*8) also reduces to fl*6). Symbolically we shall represent 

(1-3), (1-4), (l-6j, (1-7) and (1*8) as, 

3 p} ^ *P{P) {f^X) I p} ^ ^{p} 

W(0 ; P) = PiP) F[f{t) HP) 

and \‘"p } = HP) 

re spectively . 

In a previous paper the author [6] has established connections existing 
between Riemann-Liouville (fractional) integral, Weyl (fractional) integral and 
Varma transform. The object of the present paper is to obtain images of confluent 
hypergeometric functions ^23 ^3 Ricmann Liouville (fractional) 

integral, and Weyl (fractional) integral by using those connections. Further few 
more connections have been established between fiacticnaJ integrals, Varma and 
Gauss-hypergeometric transforms. This has been done in the form of three 
theorems, which include as particular cases some known results. The image of 
H-function of Fox [3, p, 408] in Riemann-Liouville (fractional) integral has also 
been obtained. 

The following properly of fractional integrals [2, p. 182] will be required in 
our investigations, 

(1-9) r Ait) I + At) dt = r jTpfAAii) dt 

, Jo Jo 

where 

^FfxifA) ■,P)^K'^ Ap) and R,i{Aii] , p) - I . 

2. In this section we shall obtain the images of <|)j, <|,3 and in Riemann- 

Liouville (fractional) integral by using the following result recently proved by 
author, that 

If 

Ri^{mip)^nfip) 

then 

(2-1) p-^^L{At);P)=^L { I%j{i)-,P } 

provided that the Riemann-Liouville (fractional) integral of j/(/) 1 exist, 

RiA > 0, R{p) > 0, Ri/J. -f ^ + 1) > 0 and /?(§ -f 1) > 0 where /(i) == 0{F) 
for small 
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Example 1. 

If we start with, 

then [1, p. 222(1)]. 


f{t) — 4)j(a, ^ ^ • x,yt) 


(2-2) L{f{t) ; p) = rO) F,(a, /3 + M, r ; X, U 

for F(^) > 0, > 0, 

using (2‘2) in the result (2'1) and then obtaining inverse Laplace transform 
[1. p. 222] we get, 


(2-3) i/3-i $ + 1^, y ; x,yt) ; p) = — y, x,yp] 

tiP”r F’) 

for R(;8) > 0, F(/i) > 0, ^ > 0. 


Example 2. 

If we start with, 

f{t) = <|l3(/3 4 - /Ij y ; xt,y) 

then [1, p. 222(2)] 

(2-4) r{/(<) ; P) = r(^) /^-/3 S ^ (i8 + M, a, ft y ; ^ ) 


for F(/>) > 0, R{x) and > 0 

using (2-4) in the result (2-1) and then obtaining inverse Laplace transform 
[I, p. 222] we obtain, 

(2*5) R^{ <|2(/3 + /», a, y ; a;<, j)) ; /> } = pfi+i^-i yj xp, y) 

for R{P) > 0, i?(p) > 0 and R[p) > 0. 

Example 3. 

If we start with, 

f{t) = $3(a + p, Y ; a;#, ;») 

then [1, p. 222(6)] 

(2’6) i:{/(i) =/>’-“r(a)^^(a, a + /., y ;|-,_ 5 ,j 

for R[a) > 0, ff{^) > 0, R{x) 

using (2'6) in the result (2'1) and then obtaining inverse Laplace transform 
[1, p. 222], we get 

(2*7) Rii{ $,,(<» + n,y ; xt, y) \ p) = y ; xp, y] 

for R{a) > 0, i?( 4 ) > 0 and R{p) > 0. 

Example 4. 

Similarly if we take, 

f{t) = ^j(a, /3 -f ft Y, y'; Af, >0 ' 

Aen [1, p. 223(11)] 


f ^^4 



( 2 - 8 ) 


L{f{t) ; p) = m) fJ^, + 7, y', x,jy 

R{P) > 0. R{p) > 0, Riy). 

using (2'8) in (2*1) and then obtaining the inverse Laplace transform [1, p. 223] 
we get, 

(2 9) R^{ i/3-i fja, p + II, 7, 7'; x,yi);p} 13, y, 7'; x,yp). 

for R{p) > 0, i2(f*) > 0 and R{p) > 0. 

3. In this section we shall obtain the images of 4),, (Ji, and in Weyl 
(fractional) integral by using the following result recently proved by author, [6] 
that, 

If 

(7 ),/>} = /r;/(^) 

then 

(3-1) p->^ L{ t ; Jb } = £ I <^^-1 A>/ 1) ■,p] 

Provided that the Weyl (fractional) integral 1 exist. A(/t) > 0, 

R{p) >0 andA^I - where f{t) = 0 {t^ ) for small 

Example 1. 

If we start with, 

fit) = 4>i(a’, P ~\,7 ■, x,yt) 

then [l,p. 222(1)] 

(3-2) L{ ■,p} = T[p-ix-\) p^+t^-P F,{ct, ^ _ 1, ^ 1; 7 ; x, 

for - /X - 1) > 0, R{p) > 0, R[y) 

using f3‘2) in the result (3*1) and then obtaining inverse Laplace transform 
[1, p. 222] we get 

3-3) W^{ f-p 4>:(-, P~h7;x,yt) ;p} = 

for 1) > 0, A(ia) > 0, i?{j&) > 0. 

Example 2. 

If we start with, 

f{t) = tP-'^ ^oiP T‘, 01, 7 ; xt,y) 

then [1, p. 222(2)1 

(3-4) £{/((>; ^} = - ", (8-M-l, 7; 
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for 


i?(/3 - ^ 1) > 0, R{p) > 0, R(}x) > 0 

using the result (3*4) in (3*1) and then obtaining the inverse Laplace transform 
[1, p. 222] we get 

(3-5) w^{ = j) 

for 1/ > 0, R(ix) > 0, Rip) > 0. 

Example 3 . 

If we start with, 


f{t) = $ 3 (a - 1, y ; xt,y) 

then [1, p. 222(6)] 


(3-6) L{ fit) ; ^ = r(« ^ M - 1) ^ ^ (a _ M _ 1, « _ 1, 7 ; ) 

for i?(a - - 1) > 0, i2(/x) > 0, > 0 

using (3*6) in the result (3*1) and then obtaining inverse Laplace transform 
[1, p, 222] we get 


(3-7) $3(« - 1, r ; "‘py)-, ;»}= p’+f*- 

for /i -- 1) > 0, R{fi) > 0, R(p) > 0, 



Example 4. 

Similarly if we take, 


fit) = ^j(a, j8 - 1, 7, y'; x,yt) 

then [1, p. 222(11)] 

{3-8) L{ t-i‘-^f{t) ;p } = r(^ -M - \) F.,{a, ^ - 1, 1 ; y, 7'; 


RiP~^-\) > 0, Riix) > 0, i2(p) > 0 


using (3*8) in the result (3-1) and then obtaining inverse Laplace transform 
we obtain, 


(3-9) wA a, ^-1,7,7';*,^^ ) ;pj- 


r(p-M-i) 

rc.e-i) 



^-11-1,7, y';x 



for 


i?(e - /X ^ 1) > 0, Rill) > 0, R{p) > 0. 


4 . In this section we shall establish the relationship existing between the Riemann - 
Liouville (fractional) integral and Varma transform. This has been done in the 
form of a theorem which has been illustrated with an example, so as to give the 
Rieniann-Liouville (fractional) integral of H-function of Fox [3, p. 408]. 


r 53 ] 



Theorem 1. 
If 


then 

(4-2) Vk,X [ -i nt) I p } 

for R[v) > 0, R[p) > 0 and i?(A + J rfc'X + V) > 0 where /(i) = 0 {pi) 
for small t. 

Proof : 

We have [2, p. 21 1] 

(4-3) (at)-,p} = («/,), 

R{[i) > 0, R[op) > 0. 

using the relations (4-1) and (4-3) in (1-9) we get (4-2) afte r a little simplification. 
Example 

If we take 


f[t) = tp-fi 

h ? L 

then [5, p. 99] 


zf 


(«1 ej), • . . , {ai, ei) 

• • • ) [hq, fq) 


^h-ix,x { f*=-A-i /(i) -py 


(4-4) = pX+l^'Jc-P+i ^”*5 ” + 2 

Z4-2, y+1 


zp 


,.,r { er), {a^^ e^, . , . , {ai, ei) 

I ‘ • • • (^Jj f(p> ( — Pj v) 


for 

and 


> 0, 0 < m < <7, 0 < n . : R{,x) > 0, \ > 0 


R ik p ^ fi -[ - X + + <; 


(r mm 


Jh 


> 0 { k - 


using (4*4) in (4-2) and then obtaining the inverse Laplace transform [5 p 99i 
we get, ^ ^ ^ ' 

1-z-i 

r I (6,, ’^1 

r^*(r 1 '^)> («I, «i)j • • • 5 {at, ei) "I 

1 I. I (Ag./j), (-P,v) J, 

^ip) > 0, (T > 0, 0 < m 0 < n < Z , i?r/i) > 0 
Ribj + 1) > 0 {7 = 1 , . . . , m }. 

- fi — • ■ • — fq — = 1 then we obtain a known 


= tP H ! 

Z+l,? + 


for 

and 


If we take 
result [2, p. 200]. 
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this section we sKall establish connections 
(fractional) integral^, Weyl (fractional) integral 
translorms. ® 


between Riemann— Liouville 
and Gauss- hypergeometric 


Theorem 2. 
If 


(5*1) 

then 




(5-2) Sj, J I + f{t) ; p l=r r(A.- y + v) f/(i) ; a. + k, i- j 

^ r r(A.+ >') I 

small r + •') and i2(l _x - V + I) > 0, where /(«) = 0 (il ) for 


Proof : 


We have [2, p. 201(8)] 

(5*3) [t 4 a)-^i p} = r(A. 4- i')_ pix-v-\ f ^ , _a\ 


for 


r(X + 

0< R(v>) < R{\ + 1 '), I arg ( | ) 


A. + I' 


P 


< 


using (5-1) and (5-3) in (1'9) we get (5*2) after a little simplification. 

Corollarj : If we take a = 0, in the above theorem on Gauss- hypergeometric 
transform, we obtain a well known theorem on Stieltjes transform \2 p 233t7n ; 
the following form, ’ '■ '-J 

If 

^p] ^ I%f[p) 


then 


(5-4) 


for 

0 < R[ii) < R[v). 

Theorem 3. 


If 


(5-5) 

^p.{m;p} = Klf(p) 

then 


(5’6) 5;, 1 





i?(M) > 0, R{V] > 0, i2((i + V -f I) > 0 where /(/) = 0 for small U\ 
R{\ ~ r- V ^ v) > 0, R[l>- + 1 ?) < 0 where/(t) = 0 [t^) for large ‘t\ 
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Proof : We have [ 2, p. 1^6(9) ] 

(5-7) R^{ it + a)-A ;p} = aF 


i2(/x) > Oj i?(v) > 0 and | arg 


A., i' _ _p 
/i + v’ a J, 


using (5-5) and {5-7) in (1-9) we get (5’6) after a little simplification. 

Corollary : If we take A =- a + r in the above theorem on Gauss-hyper- 
ceometric transform, then we obtain a theorem on Stieltjes transform in the 
following form : 

If 

=K-;f{p) 

then 


f-5-8) 5 


M+vl 






> 0, i?(i') > 0, R{i>. + r -}- I) > 0 where/fO “ 0 (i») 
for small ‘t’ and i2(/* + w) <0 where /(f) = 0 (f^?) for large H\ 

The author is grateful to Dr. P. N. Ral.hie of M. R. Engineering College 
Jaipur for his keen interest during the preparation of this paper. ’ 
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Chemical Examination of the Plant Ptero'spermum acerifoliwUn 

Study of the Seed Oil 

By 
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Abstract 

The oil from the seed of Pterospermum acerifoliunP (N,0. Sterculaceae) has 
been found to contain the following fatty acids : oleic 37*1 2%, linoleic 29*58%, 
behenic S'SP/ , arachidic 9*46%, stearic 8*237o> palmitic 5*97% and myristic 
3*74%. The unsaponified matter is found to be mixture of three compounds, which 
have been separated by column chromatography and identified as jt'-amyrin and 
tod 7-sit os teroL 

Exfieriinantal 

4 Kg of air dried and powdered seeds were extracted with petroleum ether 
(40--60°) in a soxhlet extractor. The solvent was removed from the extract and 
when kept overnight in a refrigerator it gave a semi-solid waxy deposit which was 
separated by filtration. The oil thus obtained after removing the deposit was 
600 gms (15% of the seed\ 

Study of the deposit : The petroleum ether soluble part of the deposit showed 
positive Liebermann-Burchard reaction. This was separated into two fractions 
(A and B) by column chromatography. Fraction A on crystalisation from metha- 
nol gave a colourless crystalline substance, y-sitostercl, m.p. 148®, [a]^ ^ 48® 
(CHGI3). The fraction B on crystallisation from methanol gave another solid, 
j8-sitosterol, m.p. 137®, - 35® (CHCLJ. The petroleum ether insolube part 

of the deposit was crystallised from a mixture of chloroform : methanol (I :1) 
in needle-shaped crystals, m.p. 199-200®. Found (C=84*38, H=ll*85%), [ot] -f- 
85*5® (GHGI3), calculated for C30H50O, (G=84*51. H = ll-74%))* The compound 
was identified as /G-amyrin by mixed m.p. 

The oil (S. V. = 200*45, I. V. = 80*60) was saponified by refluxing it with 
alcoholic KOH and the mixed fatty acids were recovered by the usual procedure. 
200 gms of the mixed fatty acids were segregated into solid and liquid fatty acids 
by TwitchelP lead salt alcohol process as modified by Hilditch® and coworkers. 
They were found to have the following constants. 

TABLE 1 


Franction 

Weight 

Saponification 

value 

Iodine value 

Solid 

52 gms 

26% 

200-53 

1-52 

Liquid 

148 gms 
74% 

200 16 

109-85 
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I’he solid and liquid acids were further fractionated into tlieir components 
by urea adduct^ formation method. A qualitative study of solid and liquid acids 
in each fractions was done by paper chromatorgraphy®>®’’>^ 


TABLE 2 

Fractionation of solid acids with urea : 
Weight 26 gms, S. V. = 200-53, I. V. = 1-52 


O 

US 

T5 

TJ 

< 


I g 

o ^ 


s.v. 


S.E. I.V. Behenic 

idle nc itic Stic 


Oleic 


S 1 

4-20 

168-30 

333-33 

1-21 

3-210 

S 2 

3-64 

170-62 

328-80 

l-OI 

1 983 

S 3 

3*79 

184-59 

303-91 

1-14 


S 4 

3-20 

184-07 

304-76 

1-63 


S 5 

2-66 

187-13 

299-94 

1-89 


S 6 

2-14 

205-26 

273-30 

1-59 


S 7 

lr78 

216-83 

258-72 

1-26 


S 8 

1-60 

238-43 

235-29 



S 9 

1*15 

239-03 

234-69 

5-16 


Raffinate 





S 10 

0-90 

211-09 

264-70 

26 



0 933 


— 

1 — . 

0-057 

1-615 




0-042 

2-603 

M39 

«. 


0-048 

1-924 

1*218 




0-058 

1-281 

1*323 

-- 


0-056 

— 

1*045 

1-057 


0-538 

— 

- 

1-755 

- 

0-025 

- 

- 

0-436 

1-164 



— 

— 

1-084 

0-066 


- 

0-325 

0-315 

0-26 


Total Wt. 25-06 
%acid in solid fraction. 


5-139gm, 8-354, 4-725, 3-573, 2-563, 0-650 
20*72 33-34 18-55 14*25 10-22 2-59 


TABLE 3 

Fractionation of liquid acids with urea-. 



^wmrn 


Weight' 

= 36 gmsj S. V. 

= 201 

-16, I 

. V. 

= 109- 

85 



o 


4-> 





.H 

.y 

.H 

is 



P 

p 

TS 

TS 

< 


.SPS 
ju 60 

S. V. 

S. E. 

I. V. 

Oleic 

'o 

‘3 

<u 

<D 

PQ 

2 

o 

V-I 

c 

Stearic 

*43 

a 

PL, 

*43 

CO 

• fM 

L 

1 

4-29 

197-50 

283-92 

103-34 

2-08 

1*95 

0’21 





L 

2 

3-70 

198-56 

282-52 

120-89 

2*11 

1-43 

\J ^ 1, 




“ 

L 

3 

3-35 

201-50 

278-40 

118-53 

1-66 

1-37 


U 1 u 




L 

L 

4 

5 

2-94 

2-68 

199*45 

199-47 

281-27 

281-24 

122-75 
124 25 

1-35 

1-32 

1-33 

1-19 

- 


U 04 

0-26 
A. 1 7 

- 

- 

L 

L 

6 

7 

2-14 

1-88 

21515 

201-72 

249-16 

278-10 

100-51 

117-76 

0-93 

0-86 

0-73 

0-80 

- 

- 

U I / 

0*26 

0-22 

L 

L 

8 

9 

1-14 

0-76 

202-23 

208-98 

277-40 

268-44 

97-88 

93-55 

0-44 

0-37 

0-40 

0-21 


- 

0-12 

0-22 

0-18 

0-18 
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{contd,) 

Raffinate 


L 18 

3-00 

200-51 

279-78 

114-00 

1-34 

1-23 - 

-- 

0*25 

0*18 - 

L 17 

2-58 

197’83 

283-51 

103-25 

1-26 

0-85 - 

— 

0*24 

0*23 - 

L 16 

2-03 

197-41 

284-18 

115-71 

1-05 

0-78 - 

0*20 



L 15 

1-80 

199-39 

281-37 

118-00 

0-96 

0-70 - 


0*14 


L 14 

1-65 

199-37 

281-38 

117-81 

0-88 

0-64 - 

■ 

0- 13 


L 13 

0-75 

204-92 

273-76 

91-20 

0-52 

0-12 - 

r- 


0-11 

L 12 

0-24 

r- 

— 

146-25 

0-09 

0-15 - 

— 


^ - 

L 11 

0-19 

— 


135-00 

0-05 

0-14 - 



- 

L 10 

0-14 

- 

- 

- 

- 

- 

— 

-- 


Total Wt, 35*07 gm 



17*27 

14-02 0-21 

0-36 

1-63 

1-07 0-51 


% acid in liquid fraction 49*24 39*98 0*6 1*03 4*64 l*u5 1*45 


The percentag:: of each acid in mixed acid has been found with the help 
of Table 1, 2 and 3, and the results are recorded in Table 4. 


TABLE 4 

Acid 

% in solid 

% in liquid 

% in mixed 

acids 

acids 

fatty acids 

Oleic 

2-59 

49-24 

37-12 

Linoleic 

_ 

39-98 

29-58 

Behenic 

20-72 

0-6 

5-81 

Arachidic 

33-34 

1-03 

9*46 

Stearic 

18-85 

4-64 

8-23 

Palmitic 

14-25 

3-05 

5-97 

Myristic 

10-22 

1-45 

3-74 
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Neutralization of phosphoric acid with barium and 
strontium carbonates 


By 


N, R- DHAR & G. N. PANT 
Sheila Dhar Institute of Soil Science, Allahabad University 
[Received on 18th February, 1967] 

Abstract 

Some marked similarities have been observed between the behaviour of 
barium and strontium carbonates with the solutions of phosphoric acid. Barium 
carbonate appears to be more reactive than strontium carbonate. 


electric conductivity falls gradually in both the systems when carbonates 
ol barium and strontium are added to phosphoric in the increasing ratio of 
carbonate : PaOg of 1 : 1, 2 : 1 and 3:1. In all the phosphoric acid concentrations 
the conductivity changes are more marked in the case of barium carbonate system 
than with strontium carbonate system. The pH measurements show that the 
adsorption of hydrogen ions is comparatively greater with barium system than 
with strontium system. 


formation of dibasic salt takes place invariably, when barium and 
strontium carbon^es are added to phosphoric acid in the carbonate : P.^O. ratio 
rLVpntrSr ■ J best yield of dibanum phosphate is obtained with 0-2M 
a VI 1 ?^ the acid and of distrontium phosphate with 5M concentration 
?f carboiate'^^PPg^ST f' phosphoric acid in the molecular ratio 

nlare found that complete neutralization of phosphoric acid takes 

SSur tiroT'cazr,” " •“'r 

SStroSm P^°®Pji^*®^"o’^tained with 0-2M phos^oric *^Ld7and 

I tristrontium phosphate with M phosphoiic acid. 


Inf rodviction 

onlvotX"nmilaH;nfr'r''“^i,’^^ phosphates emphasis has been laid 
on Lr^um and^?mnth phosphates and very little work has been done 

hav?™ nut phosphates. Various modifications of the early methods 

impurities ^ suggesting improvements and avoiding presence of 

phosptrtacKy^ariumlnd a! ueutralizaliori of 
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Experimental 

Extra pure phosphoric acid and A. R. quality of barium and strontium 
carbonates were used in these experiments. 25 ml standard solutions ofphos* 
phoric acid concentrations M, 0*2M and O’OlM were taken in 250 ml Jena 
glass bottles and barium and strontium carbonates were added in the molecular 
ratio of carbonate : P2O5 as 1 : I5 2 : 1 and 3 ; 1 at 30^G. While adding carbo- 
nates the solutions were vigorously shaken and the rise in temperature was noted 
in every case. The contents were shaken in a mechanical shaker for one hour and 
then left over for 24 hours in a thermostat at ZO^G. Next day the solid was 
drained by suction in a sintered crucible and the filtrate collected. The solid was 
thoroughly washed with acetone and finally three or four times with ether. It was 
air dried and weighed. A portion of the solid was dissolved in dilute hydrochloric 
acid and the solution made upto a definite volume. Aliquot portions of the 
solutions were utilized for the analysis of the ingredients. The electrical conduc- 
tivity and pH determinations of the filtrates were also carried out at 30°G. 


Observations 

TABLE 1 




Initial 

Specific conductivity 




Concentra- 
tion of the 
acid 

Molecular 
ratio of 
carbonate 
: P2O5 

specific 
conduc- 
tivity in 
mhos 

X lO’i 

of the filtrate in 
mhos X 10"^ 

Initial 
pH 
ol the 
acia 

pH of filtrate 

Ba 

system 

Sr 

system 

Ba 

system 

Sr 

system 

5M 

1 : 1 

1830-00 

623*20 

695-70 

0-40 

1-95 

1-85 


2 : 1 


65-10 

68-40 


3-15 

4*85 


3 : 1 


No 

filtrate 

obtained 

No 

filtrate 

obtained 


No No 

filtrate filtrate 
obtained obtained 

M 

1 : 1 

488-00 

200-80 

253-50 

0-80 

2-40 

2-10 


2 : 1 


27-60 

54-60 


4-85 

4-50 


3 ; 1 


4-32 

4-82 


8-75 

8-10 

0-2 M 

1 : 1 

146-80 

79-20 

82-80 

1-40 

2-95 

2-85 


2 : 1 


3-54 

43-80 


5-85 

0-95 


3 : 1 


3-02 

3-04 


8-45 

7-80 

0 04M 

1 : 1 

51-80 

28-60 

31-30 

2-05 

3-45 

3-25 


2 : 1 


2-02 

22-20 


6-40 

3-75 


3 : 1 


1-27 

1-86 


8-05 

7-65 
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TABLE 2 


Concentration 
of phosphoric 
acid 

Molecular 
ratio of 
BaCOs : P20g 

Rise in 
temperature 
in 

PPs 

7o 

BaO 

0/ 

/o 

Nature of 
residue 

5M 

1 

1 

6-5 

31-46 

66-88 

BaHP 04 


2 

1 

6-5 

30-37 

66-02 

BaHPO^ 


3 

1 

6-5 

22-86 

72-77 

Ba3(P0,i)a.l-5H,0 

M 

1 

1 

4-5 

30-53 

65-94 

BaHP 04 


2 

1 

5-0 

30-01 

65-58 

BaHPO .1 


3 

1 

5-5 

22-60 

72-36 

Ba 3 (P 04 )a. 2 H 20 

0-2M 

1 

1 

3-0 

29-87 

65-13 

BaHPOi 


2 

1 

3-0 

29-73 

64-92 

BaHPOl 


3 

1 

3-5 

22-38 

71-90 

Ba 3 (P 04 )o. 2 Hp 

0-04M 

1 

1 

0-5 

29-19 

64 03 

BaHP 04 . 1/2 H^O 


2 

1 

, 1-0 

29-08 

63-88 

BaHP 04 . 1 / 2 Hp. 


3 

1 

10 

2218 

70-52 

Ba3(P0i)a-2-5H20 


TABLE 3 


Concentration 
of phosphoric 
acid 

Molecular 
ratio of 
SrC 03 i P20g 

Rise in 
temperature 
in °C 

PPa 

% 

SrO % 

Nature of residue 

5M 

1 : 1 

5-5 

39-23 

57-44 

SrHPOi 


2 : 1 

5-5 

38-97 

56-95 

SrHPOi 


3 : 1 

6-0 

29-49 

65-46 

Sr3'P04)2.1-5H20 

2M 

1 : 1 

3-0 

39-02 

57-11 

SrHPO.i 


2 : 1 

3-5 

31-78 

56-62 

SrHPO^ 


3 : 1 

4-0 

29-26 

64-93 

Sr3(P04)/l-5H30 

0-2M 

1 : 1 

1-0 

38-75 

56-65 

SrHPO^ 


2 : 1 

1-5 

38-39 

56-38 

SrHPO^ 


3 : 1 

2-0 

29-05 

63-96 

Sr3P04)3.2H30 

0-04M 

1 : 1 

0-5 

- 

— 

No residue obtained 


2 : 1 

0-5 

37-80 

55-93 

SrHO^ 

.. 'I.',,""""!' ' " 

3 : 1 

1-0 

28-88 

63-50 

Sr 3 (P 04 ) 3 . 2 El 30 
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tASLE 4 


Concentration 
of phosphoric 
acid 

Molecular 
ratio of 
carbonate : 

Amount of carbonate added 
in gms 

Amount of product 
formed in gms 

. BaCOa 

SrGOg 

Ba 

system 

Sr 

system 

5M 

1 ; 1 

12-3350 

9-2266 

12*6568 

97*042 


2 : 1 

24-6700 

18-4530 

27*0004 

21-8175 


3 : 1 

37-0050 

27-6796 

37*9902 

29-2100 

M 

1 : 1 

2-4670 

1-8454 

1-9310 

1-0576 


2 : 1 

4'93^0 

3-6906 

5-4544 

4*2330 


3 : 1 

7-4010 

5-5360 

7*6776 

5*9488 

0*2M 

1 : 1 

0*4934 

0-3690 

0*1734 

0-1592 


2 : 1 

0-9868 

0-7380 

1*1112 

0*7310 


3 : 1 

1-4802 

1-1070 

1*5498 

1*1916 

0 04M 

1 : 1 

0-0986 

0-0738 

0-0302 

No residue 






obtained 


2 ; 1 

0-1972 

0-1476 

0*2216 

0*1128 


3 : 1 

0-2958 

0-2214 

0*3132 

0*2410 

TABLE 5 

Concentration 

Molecular 

Percentage of PoO. 

Percentage efficiency 

of phosphoric 
■ acid 

ratio of 
carbonate : 

used up 


of precipitation 


P2O5 

Ba 

Sr 

Ba 

Sr 



system 

system 

system 

system 

5M 

1 ; 1 

45-66 

35-56 

86 79 

68-87 


2:1- 

94-04 

97-50 

92-62 

95-05 


3 : 1 

99-58 

98-80 

96*62 

97-38 

M 

1 : 1 

33-80 

23*77 

66 19 

46-07 


2 : 1 

93-85 

94*12 

93-49 

92*21 


3 : 1 

99-49 

99-80 

96*25 

99*16 

0-2M 

- 1 : 1 

14-85 

14-81 

29*72 

34*68 


2 : 1 

94-69 

80-45 

95-23 

79*61 


3 : 1 

99-45 

99-24 

97*15 

97*49 

0-04M 

1 ; 1 

12-59 


24-93 



2 : 1 

92-37 

61*22 

91*49 

61-43 


3 : 1 

99-58 

99-77 

96*81 

98*60 


Discussion 


The foregoing observations clearly show some marked similarities between 
the behaviour of barium and strontium carbonates with the solutions of phosphoric 
acid. Barium carbonate appears to be more reactive than strontium carbonate. 

The electric conductivity has been found to fall gradually in both the cases 
when carbonates of barium and strontium are added to phosphoric acid in the 
increasing ratio of 1 ; Ij 2 : 1 and 3 ; 1. The conductivity changes are more 
marked in the case of barium system than with strontium system in all the 
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phosphoric acid concentrations. Tt is evidaht that more ionS are disappearing 
Irom solutions of phosphoric acid in which baiium carbonate is added than in the 
case of strontium carbonate. In both the systems the maximum number of ions 
are removed when carbonates are added to phosphoric acid in the molecular ratio 
of carbonate : P20g ratio of 3 : 1 and minimum when added in the ratio of 1 ; 1 , 


The results show that when barium and strontium carbonates are added to 
phosphoric acid in the carbonate : P2O5 ratio of 1 : 1, the whole of the added 
amounts do not dissolve, but some solid residue remains. Only with 0’04M acid 
concf ntration in the case of stronuum carbonate the whole of the added amount 
has dissolved. In both the systems of the formation of secondary phosphate has 
taken place instead of primary phosphate. The ratio of oxide : Pj^Og in the solid 
is invariably 2:1. With strontium carbonate anhydrous salt has been formed 
in every case, but with barium carbonate in 0’04M acid concentration BaHPO .1/2 
H^O has precipitated and in rest of the concentrations anhydrous salt is formed 
It has been observed that the percentage amount of P^Og used up in the. reactiorx 
decreases with the dilution in the concentration of the acid in both the systems 
It can be seen that the amount of PPg spent in the reaction is always erreater 
with BaGOg-HgPO^ system than with SrCOs-HsPO^ system with the s? mo concen- 
tration of the acid The pH measurements show that the adsorption of hydrogen 
ions is comparatively greater with barium system than with strontium system. 

When barium and strontium carbonates are added to phosphoric acid in the 
carbonate : P^Og ratio of 2 : 1, the formation of dibasic salt takes place invariably 
It IS interesting to note that the compositions of the products formed are similar 
to the products obtained, when barium and strontium carbonates are added to 
phos^onc acid in the carbonate : P.Og ratio ofl ; 1. The percentage amount 
of PaOg that is used up m the reaction remains practically the same in the case of 
barium carbonate system, but in the case of strontium carbonate system the 
percentage decreases with the lowering in the concentration of the acid. 

When banum and strontium carbonates are added to phosphoric acid in the 
carbonate iPjOg ratio of 3 ; 1, it has been observed that tribasic salt has been 
precipitated in both the cases. It is evident from the results that there is complete 
neutralization of phosphoric acid when barium and strontium carbo3 are 
added to phosphoric acid in the molecular^ ratio of3 ; 1. It appears that the 
egre^f tpfdration increases with the dilution in the concentration of the acid 
The pH of the solutions IS always on the alkaline side in both the systems' 
indicatmg that there is more of base than P^Og remaining in the solution. ^ ’ 

The specific conditions under which the maximum yield of the oroducts 
forced IS obtained may now betaken into account. The percental effidenev 
of formation of dibarium phosphate from 5M, M 0-2M and n-niT\/ 
acid concentrations is 92-62, 93-49, 95-23 and 91-49 

pliosDbatc is 95*05 Q9*>>1 i <And of distrontium 

puospnaic is ao uo, a2 21, 79-61 and 61-43 respectively, when carbonates are added 

in the molecular ratio of carbonate : P.,0, as 2 • 1 From added 

evident that maximum efiiciency of precipitation of ' dibariuTohosnLf 

phosphate is ohtain?d'To’2M^XceM«ioo®“of 
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On Flexural Vibrations of a Viscoelastic Rod In A 

Magnetic Field 

By 

D. K. SINHA & R R GIRI 
Dtpartmeni of Mathematics^ Jadavpur UniversUy Calcvtta 
[Received on 31st March, 1967) 

Abstract 

This paper makes use of the equations of rotatory and transverse motion for 
a viscoelastic rod permeated by a magnetic field to investigate the flexural 
vibrations of the rod with the help of classical methods of elasticity and electro- 
magnetism. 

1. Introd action 

The study on the interactions of electromagnetic fields with mechanical 
fields is of recent origin and is chiefly relevant to various branches of engineering 
and technology, for example, in aero-magnetic flutter, in the detection of me- 
chanical explosions inside the earth. Moreover, the research on these interactions 
can be attributed largely to the reappraisal of well- known mechanical problems 
elastic or viscoelastic — in the presence of magnetic field, for such fields provide a 
source of damping of the dynamical characteristics of the materials concerned, 
apart from those mechanical parameters (of the material) responsible ^for 
damping. There exist in a considerable amount the literature vide, Kaliski 
Kaliski and Nowacki^» Paria^> Sinha®»^»®> Giri^»^°» Dunkinand Eringen^^. These 
papers, as said above, deal with the effect of magnetic fields accommodated in 
purely elastic or viscoelastic materials. In keeping with this trend, the present 
note is concerned in general, with the problem of flexural vibrations of a viscoelastic 
Timoshenko rod and the equations have been illustrated by the vibration of a 
cantilever. It may be mentioned that this problem for the purely viscoelastic 
case has been considered by Mindlin^^> Mindlin and Deresiewicz^^. 

2. Fundamental Equations 

Let us consider a viscoelastic rod of Voigt type of such thickness that the 
effects of shear and rotatory inertia can be neglected, and the problem of flexural 
vibrations for this type of a rod has been attempted by Lee^^, Crandall and "^^Idiz^ 
in the presence of external damping. We assume that the sections of the rod 
remain plane after bending and we suppose that damping of the rod is also caused 
by the magnetic field. The magnetic field gives rise to the flux of magnetic lines 
of force and the motion of the beam across the flux lines causes a transverse current 
which, in turn, generates a retarding force. Let y and ^ be the lateral displace- 
ment and angular rotation of the cross-section at a distance x from the origin at 
time t. Let E be its Young’s moudlus, G its shear modulus, p its density, A the 
area of its cross-section, I moment of inertia about the line through the centroid 
perpendicalur to the plane of motion, and ¥ is the constant depending on the 

cross-section. The current density vector J is given by 


C 65 ] 



cr B 


where ~u is the displacement vector, B is the magnetic induction vector and o- is 
the conductivity of the rpd. If theje he a magnetic field of intensity in the 
X direction, the current density in a direction perpendicular to x is 

R T Ho -|f 

The total current through the element produces a retarding force per unit length. 
It is obtained from Biot-Savarf s Law and is equal to 

A n2 tJ 2 

A <tR- H o -- 

Hence the equation for rotatory motion of an element dx of the rod is given by 

ii) ,1 -f l^’. - * 


and equation for transverse motion of the rod is 
The equation satisfied by 9 and ^ is 

[•^'w + 

(3) -A<rR^ Ho\E / + G) ^ + K' A^ R- <r H’^^^ + {A^ Ho^ 

Equations (1), (2), (3) constitute the fundamental equations ol the problem, 

3. Problem of Vibration of a Cantilever 

For a cantilever clamped at one end free at the other end, the clamped end 
being given a motion where Jq is a constant, the boundary conditions arc 

(^) J' = Jo ^ = 0 (at the clamped end a: = 0) 

3iid 

(7) ^ 

at the free end x — L 

Let us seek the solution of (3) in the form given by 

J r= t 

so that, the equation giving jj as obtained from-**, is 

(8) ^P^^lpi + EIK’G ^-pEI(1 + KG)IP 

+ A<rR^ Ho^ P(1 + 7)^3 ^3 Ho' {El -\-G)p^, 
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+ K' G2 cr /, + {A- <r2 + jST' ^ G) J = 0 

This equation reduces to the well-known frequency equation in the absence 
of a magnetic field . This being a quartic in x has four roots and let its roots be 
^4 . We can, therefore, write 

(9) y = A, + A, As A, ^ 

where ^ A 2 y ^ are constants. We can similarly write 

(10) ^ =■ e”*!*-]- Bs £, e'”3*+ ^ 

where B, B.^ , Bs , B^ are constants. Further, in view of (2), the equations con- 
necting B/s and Aj-'s are 

(11) 


^ \_Ii' ^ K'G 


= - A^ (say) 


r ^ 1, 2, 3, 4 


Thus we have eight constants A^^ {r = 1,2, 3, 4) to be determined from 
eight boundary condition (6), (7), (11 )• These when solved give 


where 


A A 1 A A 2 j As A At 


[ * 3*4 (”*3 + *3) -la msl, (TO, + A,) } 

-f e“ ^ { *3 ms [m^ + ki) -ks k^ {m-s -f k^) } 

-f e {ksk^ m3 (m-s + k^) ~ k^ k^ m^ {m3 -t kg) ] J 

A — - V + '^■3 + "I4) A i. I f , , , , , 

J'o ® |_ ^1 « { rn^ {m3 + kg) - mg kg {m^ + ^4) 


+ kge ^ {m^k^ {m^ -f /:4) - m^^ k^ {m^ + } 


+ ^4 ^ ^ { ^3 ^3 (^1 + ^1) - nil (^3 4- ^3) } 

A3 = yo ■+ ”k + 1 3- A ^ A, (TO, 4. A,) _ TOa *3 (m, + A,) ) 


] 


yys ] 

+ kg e 2 _l_ j 


‘-‘Til I 1 

+ ^4 « ^ {^2^2 (»7i + Aj) - m^ k^ {mg + kg) } J 

A A = - r ^2 + mg) l \ , -m.l, , , , , ^ , ■ 

L^l « ^ ^8 («2 + - tWa ^2 (^S + ^^) ] 
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{ - ^3 ^3 (^1 + ^ i ) } 


+ ^3 ^’~ ^ <^2 (^^^1 + ^l) ” ^1 ^1 (^2 + ^ 2 ) } 

^^,(m,+ «Z3 + «4)/ { f^'^\k,Km,m,-^k,k,Km, 

- A;2 ^3 W3 7724 ~ ^2 /:3 A*4 7^3) + ^ (A :3 

' r 

+ ^2 ^3 ^4 ^2 ^2 ^4 ^3 ^4 - ^2 ^3 ^4 ^^ 4 ) 

_ ^( 772 | + 7723 + TT?^) Z | f ^ ^723 7724 4- k^ k^ kj^ 771 , ^ 

- Zc, ^3 7723 7724 “ A;3 A:4 7723) 

+ e ^ ( k ^ k ^ 771 ^ 7??4 -f- 772 ^ k ^ k ^ A;^ - 772, 7724 A;3 k ^ - A;;] A:4 7724) 

A - e ^ ( 772 , 7723 A3 A-.J 4- A" I A3 A4 7723 - A4 A^ 772 J 7723 - 772. A] A3 A4) } 

I -( 772 , + 7722 + ^4)^ ( ^ /Z- / . 7 7 7 7 Z. 

T ^ I ^ ' (A, A4 7722 ^”4 + ^1 ^2 ^'4 7724 ~ Aj A2 TTZo 7724 

“ A;i A2 A4 7722) 

+ ^ ^ ( 772 | 7724 Aj A2 + 772 | A4 A2 A:4 - 772 i 2724 Ao A4 - A^ A2 A;4 TTlj ^ 

+ ^ (7724 7712 ^2 ^4 + ^2 ^4 ^2 ~ ^2 ^1 ^4 ^1 ^1 ^^2 

+ ^^2 + ^ 3 ) ^ I - 772, Z r , , 777 7 y 

^ L (ZCl ^2 ^2 ^3 + ^3 ^1 ^2 ^3 ■“ ^1 ko 7722 7723 

* 772 / 

- ky^ ko ks mo) + e * (my m^ ky ko + my A:, k.yy k^ - yn., my kyy k;y - A, L, k^) 

+ e ® mym^kyyk^ m,y ky k<y k^ - my mo, ky ks - my ky k.^ ^ 3 ) } 

■^ij ■^ 2 ! -^sj -^i being known, By, B^, B^, B.y can be obtained by using (II'). 
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The Response of Paddy to Application of Phosphates 
Under Varying Levels of Nitrogen 
By 

O. N. MEHROTRA, N. S. SINHA & R. D. L. SRIVASTAVA 
Crop Physiology Section^ Govt Research Farm^ Kanpur 
[Received on 3rd April, 1967] 

Abstract 

Field experiment was carried out to study the response of paddy to single 
and combined application of nitrogenous and phosphatic fertilizers.^ Paddy yields 
were enhanced by the application of nitrogen, alone or combined, with phosphates, 
while phosphatic fertilizers when given singly depressed the yield. In order to 
obtain higher returns, application of higher doses of nitrogen should be accom- 
panied with increasing levels of phosphates. 


Paddy is by far the most important and extensively grown cereal of our 
country. Individual responsiveness of the three most important nutrient elements, 
7 .^., nitrogen, phosphorus and potash, have been recorded by many workers, but 
little information is available in literature with regard to the phenomenon of 
antagonism of these nutrients and precise crop response to their combined 
application. 

Sethi ( 1928 ) reported positive response of paddy to sulphate of ammonia at 
Kanpur. The response of phosphates was, however, restricted only at research 
stations of Madhya Pradesh, Gaya in Bihar and to a lesser extent at Bombay (Sethi 
et al, 1952). Combined application of phosphates with higher doses of nitrogen 
was observed to be beneficial in early plantings at Punjab (Singh, 1953). Ghose 
et al (1956) reported that practically all types of soils responded positively to 
phosphatic fertilization to a varying extent. Significant increases in paddy yield 
were obtained with nitrogenous manuring by Relwani (1959) ; but when nitro- 
genous and phosphatic fertilizers were given together they failed to give significant 
yield response except in one season. 

An attempt was, therefore, made in the present investigations to study the 
extent to which yield responses of early paddy are affected when nitrogen and 
phosphorus are applied jointly. 

Experimental 

The investigations were carried out under field conditions with N 22 J an early 
variety of paddy, in light loam soils of Govt. Research Farm, Kanpur during 
Kharif 1964. The soil was?of moderate fertility with 0*075% N, 0-0065% available 
P 2 O 5 , 0*007% available K 2 O and 0*954% organic carbon. The pH of the soil was 
7*7. The design of the experiment adopted was randomized block. Four levels of 
nitrogen, viz-^ 0, 22, 44, and 66 kg, N/ha. and 3 levels of phosphorus., viz*, 0, 22 
and 44 kg. P 205 /ha. were tried alone and in combination. Thus, in all there were 
twelve treatments, each replicated three times. The yield response of paddy to 
levels of phosphates, in presence and absence of varying doses of nitrogen, and also 
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Fig. 1. Showing the effect of different levels 

of nitrogen and phosphorus on the yield of paddy. 

the differences in the response within the treatments^ have been worked out and 
are discussed. 

Results and Discussion 

The grain yield data of paddy as influenced by various levels of nitrogenous 
and phosphatic fertilizers are given in Table 1 (also Figure 1). Significantly higher 
yields were obtained by supplying nitrogenous fertilizers alone at higher levels of 
44 or 66 kg. N/ha., while a slight reduction in yield was noted when phosphatic 
fertilizers were used singly. However, grain production w’as considerably aug^ 
mented by phosphates when applied in combination with nitrogenous fertilizers. 
Highest paddy yield was recorded in the treatment where 66 kg. N combined 
with 44 kg. P^Og/ha. was applied. 


TABLE 1 


Grain yield of paddy in Qnt.lha. as affected by various levels of nitrogenous and 

phosphatic fertilizers 


Treatments 

(Kg./ha.) 

No 

N23 

N44 

Noe 

Po 

12-46 

13-15 

15-39 

17-57 

P22 

12-33 

14-51 

17-10 

18-87 


12-26 

15-05 

17-37 

19-62 

C. D. for N 

2-o7 





The average response of paddy to the twelve treatment combination of 
nitrogenous and phosphatic dressings are shown in Table 2. Application of 
phosphate in the absence of nitrogen produced a negative response at either of its 
levels. But, enhanced response at lower levels of phosphates was noticed when 
applied together with nitrogenous fertilizers up to a dose of 44 kg. N/ha^ 


■tASLE i 

ke spouse of paddy to phosphate in prest nee and absence of nitrogen (Qntfha) 


Response to 22 kg. PsOg/ha. (P 22 ) Response to 44 kg. P^Og/ha. (P 44 ) 


1 . Response to 22 kg. P 20 g (P 22 ) in 
presence of Nq (Nq P 22 - NqPo) “ 0’ 13 

2. Response of 22 kg. P 205 (P 22 ) in 

the presence of 22 kg. N (N 22 ) 
(N 22 P 22 -“N 22 Po) 1*36 

3. Response of 22 kg. P 2 O 5 (P 22 ) in 

the presence of 44 kg. N(N 44 ) 
(N^As^N^^Po) 1*71 

4 . Response of 22 kg. P2O5 (P22} in 

the presence of 66 kg. N(Ngg) 

(^ 66^22 ^66 Pq) 1 

5. Difference of response to 22 kg. 
P 2 O 5 at 22 kg, N vs. ON (N 22 

P22 - N22 Po) - (No P22 - No Po) 1 -49 

6 . Difference of response to 22 kg. 

P^Og at 44 kg. N vs. 22 kg* 

N(N 44 P22 - N44 Po) - (N22 P22 - 
N 22 P 0 ) 0*35 

7. Difference of response to 22 kg. 

PgOg at 44 kg. N vs. ON (N 44 

P22 - N44 Po) - (No P22 - No Po) 1-84 

8 . Difference of response to 22 kg. 

P 2 O 5 at 66 kg. N vs. ON (Ngg 

Pii - Nee Po) - (No P 22 No Po) 1*43 

9. Difference of response to 22 kg. 

PgOg at 66 kg. N vs. 22 kg. N 
(Nee P22 “* Nee Po) “ (N22 P22 "" 

N 22 Pq) - 0*06 

10. Difference of response to 22 kg. 

P 2 O 5 at 66 kg. N vs. 44 kg. N 

(Nee P 22 “ NeeP q ) - (N 44 P 22 “ 

N44P0) - 0-41 


1 1 . Response to 44 kg. P 2 O 5 (P 44 ) in 
presence of Nq (N 0 P 44 - NqPo) “ ^‘20 

12. Response to 44 kg. P^Og (P 44 ) in 

presence of 22 kg. N (N 22 ) (N 22 
P44“N22Po) ^ 1-90 

13. Response to 44 kg. PgOg {P 44 ) in 

presence of 44 kg. N (N 44 ) (N 44 
P«-N44Po) 1-98 

14. Reponse to 44 kg. P 2 O 5 (P 44 ) in 

presence of 66 kg. (Nge) (Nge 
P44-NeePa) 2*05 

15. Difference of response to 44 kg. 
P 2 O 5 at 22 kg. N vs. ON (N 22 

P 44 - N 22 Po) - (No P 44 - NoPo) 2-10 

16. Difference of response to 44 kg. 

PgOg at 44 kg. N vs. 22 kg. N 
(N 44 P 44 "■ N 44 Pq) - (N 22 P 44 
N 22 Po) 0-08 

17. Difference of response to 44 kg. 

P 2 O 5 at 44 kg. N vs. ON (N 44 

P 44 - N44 PJ ~ (No P 44 - No Po) 2-18 

18. Difference of response to 44 kg. 

P 2 O 5 at 66 kg. N vs. ON (NegP 44 

- NeePo)-(NoP44-NoPo) 2*25 

19. Difference of response to 44 kg. 
P 20 g at 66 kg. N vs. 22 kg. 

N (Nge P 44 — Nge Pq) — (N 22 P 44 “ 

N 22 Po) 0‘15 

20. Difference of response to 44 kg. 
PgOg at 66 kg. N vs. 44 kg. N 

(Nge P 44 ” Ngg Pq) “ (N 44 P 44 ~ 

N 44 Po) 0*07 
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differenceS’In tixe response of 22 kg. i\05/ha. alone and in combinatioh 
with 22 kg. N/ha. was 1-49 Qnt./ha. The highest difference in lesponsc to 22 kg. 
P2O5 was observed in the presence of 44 kg. N and 22 kg. P^Og without nitrogen 

i.e,, 1*84 Qnt./ha., the difference in response to 22 kg. P2O5 with 44 kg. N and 

22 kg. P2O5 + 22 kg. N was 0*35 Qnt./ha. This treatment proved to be superior 
when compared even with the differences in response to 22 kg, P^O^ with 66 kg. 
N and 22 kg. P2O5 used either with 22 or 44 kg. N/ha. which were negative. 

A continued increase in the response of higher doses of phosphates i,e. 
44 kg. P^Og/ha. was observed with increasing levels of nitrogenous fertilizers from 
22 to 66 kg. N/ha. From a comparision of the diflferences in response of phos- 
phate (44 kg. P20g/ha.), in presence or absence of various levels of nitrogen it 

could be inferred that unlike lower levels of phosphates, the highest difference in 
response (2*25 Qnt.ha.) was noticed with 66 kg. N + 44 k^. P20g and 44 kg. P O 
alone. This was closely followed by the difference in response to 44 Iw, P„0, with 
44 kg. N and 44 kg. P2O5 without nitrogen. & i 5 wun 

The observation that phosphates alone gave a depressive effect on the yield 
of paddy grain is in conformity with the findings of Mann and Ihirnapragnachar 
(1963) and Mehrotra et al (1967). The two-fold action of nitrogen upon the phos- 
phorus availability, viz.^ the solvent action upon the phosphatic fertilizeis resulting 
from the process of nitrification of ammonium sulphate (Shrikhande and Yadava^ 
1954) and increased uptake of phosphorus through a deeper and more extensive 
root system (Grunes, 1959) might have been the reasons for increased yield obtained 
through combined fertilization of nitrogen and phosphates. 

-.1- ^®duced response observed in case of 22 kg. Pp,, when given in combination 
with b6 kg. N/ha. my be due to unbalanced fertilization caused by limited sunnlv 
of phosphorus which when increased to 44 kg. responded positively. ^ 
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Summary 

In the present communication the silver (1) catalysed oxidation of thallium 
(1) to thallium (HI) by peroxydisulphate has been studied kinetically from the 
mechanistic point of view. The reaction has been found to be of first order with 
respect to peroxydisulphate and sliver (1 ), but independent of the concentration 
of thallium (1 ). It is postulated that the reaction proceeds by propagation of a 
chain initiated by the decomposition of peroxydisulphate by silver (1) to give 
sulphate free radical and higher-valent silver (II), The formation of bivalent 
silver has been emphasised and the chain also involves thallium (II) as an 
intermediate product. 

Introduction 

The oxidation of several organic compounds and inorganic ions has been 
reported by peroxydisulphate ion^. The silver (1) catalysed oxidations by peroxy- 
disulphate have been usually found to possess unit order with respect to the catalyst. 
In certain cases colloidal silver has also been utilised to cataly:e the oxidations by 
peroxydisulphate 2 . 

By oxidising agents thallium {1) is transformed into thallium (III). Carpenter 
and coworkerS'’^ have studied the thallous-thallic exchange in systems containing 
bromide and also studied the oxidation of thallium ( 1 ) by bromine. The poten- 
tiometric titrations of thallium ( 1) by potassium iodate in 6-9N HCl were carried 
out by Alimarin and coworkers^ Issa and Allam® investigated the oxidation of 
thallium ( 1 ) with alkaline potassium manganate (IV ) and observed that the reaction 
is accelerated by adding sodium chloride. 

In the present investigation potassium peroxydisulphate has been used as an 
oxidising agent with a view to study the kinetics and mechanism of the silver (1) 
catalysed reaction. The reaction is slow in the absence of the catalyst at 25°C 
but proceeds with a measureable rate at higher temperatures®. In presence of 
silver (1) the reaction is, however, accelerated to great extent and therefore the 
kinetic data of the silver (1) catalysed oxidation of thallium (1) is recorded here in 
this paper. 

Experimental 

Aqueous solutions of potassium peroxydisulphate were always freshly 
prepared just before starting of an experiment from a sample of E. Merck, 
Proanalysi and stored in Jena glass vessel. Thallium ( 1 ) was prepared by 
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dissolving the AnalaR sample of thallous sulphate in hidistilled water and its 
strength was checked by usual methods. The stock solution of silver nitrate was 
prepared by dissolving AnalaR (BDH) sample of the reagent in double- distilled 
water and was stored in dark bottles. 

Calculated quantities of the solution of thallous sulphate with requisite 
amount of redistilled water, was taken in the Jena glass reaction bottle and was 
placed in a water thermostat maintained at the desired temperature* Peroxy- 
disulphate solution and silver nitrate solution were placed separately in the same 
bath. The reaction was started by transferring the calculated quantities of silver 
nitrate and peroxydisulphate in the reaction vessel. 

To study the progress of the reaction, aliquot portions of the reaction mixture 
were withdrawn at definite intervals of time and were titrated iodometrically for 
thallium(l)^ wherefrom the amounts of peroxydisulphate consumed were 
calculated. 

Results 

Stoichiometry: To verify the stoichiometry of the reaction a solution con- 
taining 6*0 X 10‘2 M Kj^SjjOg, I'O X lO-'^MTlgSO^ and 5*0 X 10*“* M AgNOj 
was allowed to react for twenty four hours. On estimation it was found that the 
decrease in TI 2 SO 4 concentration was identical with that in in accordance 

with the equation 

+T1+ = 2 80^=^ + T18+ 

Peroxydisulphate dependence : To determine the order of the reaction with 
lespcct to the oxidant, first order rate constants have been calculated with respepl 
to peroxydisulphate with the progress of time at three different concentrations of 
the oxidant, keeping other factors the same. The data are represented in the 
following table : 


TLSO,^ 0*005 M 


TABLE I 
AgNOg 0 001 M 


Temperature 45°C 


Time 

in 

KjSaOs :0-10 M 

KaSjOg : 0 08 M 

KjSaOg : 0 06 M 

"^minutes 

i' ' 

' kfl-ZOZ X 10« 
niin** 

A/2-303 X IQS 
rnin'^ 

A/2-303 X 10® 
min"’- 

6 





30-50 

36-83 

36-66 

18 

29-25 

35-66 

37-91 

;) M 

-29-33 

35-44 

36*68 

' 30 

; 36 

29-37 

35-83 

37-50 

30-33 

35-76 

36-96 

, :42 , 

'i:30-77: 

35-19 

37-06 

48 

30-83 

35-08 

36-80 

54 

31-83 

35-26 

37-28 

60 

' ’ ' A ’ 

30-80 

35-16 

37-39 


or A == 


' - - sJf 

7-00 X 8-10 X lO-'min-i 
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It is clear from the above table that first order rate constants with respect 
to peroxydisulphate have fairly agreeable values showing the reaction to be of 
first order in peroxydisulphate. However, an increase in peroxydisulphate con- 
centration results in slight decrease in first order rate constants. This inhibitory 
effect is due to the specific action of ions as reported by Agrawal and Mushran® 
during the study of the oxidation of urea and acetamide by peroxydisulphate. 

Thallium{I) dependence : 

In order to evaluate the order of the reaction with respect to thallium (1), 
the reaction was studied at four different initial concentrations of thallous sulphate. 
The average values of first order rate constants are summarised in the following 
table: 


TABLE II 

KgS^Og - 0*10 M , AgN02“ 0*001 M , Temperature 45°C 


Initial concentration of 
thallium (I) sulphate M 

Values of rate constants 
k X 10* min-i 

0-0050 

7*0 

0*0075 

8*0 

0-0100 

7-5 

0-0125 

7-7 


It can well be inferred from the above table that the concentration of 
thallium (I) has a little or no effect on the first order rate constants and the 
reaction is thus independent of the concentration of the reducing substrate. 


Silver ^Nitrate dependence 

To determine the order of the reaction with respect to the catalyst, silver 
nitrate concentration was varied from 2*5 X lO'^M to 10*0 x 10“* M keeping the 
concentrations of the other reactants constant.' It has been found that the rate 
constants vary linearly with silver (1 ) concentrations (Fig. 1) and the plots of 
log^^against log [Ag(l)] (Fig. 2) yield straight lines with unit slope, showing the 
direct dependence of rate on silver ( 1 ) concentrations. 

Temperature dependence 

The kinetic investigations were also carried out at different temperatures 
to obtain some important thermodynamical parameters. Taking the reaction 
concentrations as K^S^Og -0*10 M, Tl^SO^ - 0*005 M and AgN 03 - 0*001 M the 
magnitudes of the energy of activation, entropy of activation and frequency factor 
have been calculated as 13*56 K. cals, - 26*10 E. U, and 2*21 X 10’ 1. mole*** 
sec“^ respectively. 

Discussion 

The observed rate law for the silver (1) catalysed oxidations by pcroxydisul- 
phate is usually expressed as"^ : 

- ^ (S,Os*-) [SPs*-] [Ag+] 

r 75 I 




The rate at any instant being proportional to the peroxy disulphate and 
(constant) silver (1) concentration. The reaction is essentially bimolecular, 
although the data for any given concentration oi the catalyst confirm to a unimol- 
ecular rate law. 

During the oxidation by peroxydisulphate, catalysed by silver (1), single 
electron transf errence is suggested which is in accordance witla the observations of 
Higginson and Marshall® and is supported by the study of the reaction between 
peroxydisulphate and hydrogen peroxide catalysed by both silver (1) and bisdipy- 
ridy] silver (1). In this way the generally accepted mechanism of the silver 
(1) catalysed reactions is given by the following steps : 

SA"- + Ag+ . Ag^-+ + SO,- + SO, [la) 

Ag®+ 4- Reductant Ag+ + products (1^) 

The oxidation of thallium (1) by peroxydisulphate catalysed by silver (IJ 
involves an overall two electron transfer and a chain reaction sets in. The pro«. 
posed chain mechanism, which is supported by the experimental data, is initiated 
by the decomposition^ of the oxidant by silver (l) which gives SO," free radical 
and the higher valent silver (II). The SO," formed reacts with more of silver (I) 
to give silver (II) which in turn oxidises thallium (1) to thallium (II), an unstable 
intermediate, which readily combines with proxydisulphate to yield the product 
and a SO^-frec radical and the chain continues. The chain process may be repre- 
sented by a series of reactions as follows ; ^ 
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Initiation : Agt- -f- SjOg®- » Ag*+ + SO 4 - + ( 1 ) 

Propagation : 80^“ + Ag+ > Ag 2 + -f SO^^- (2) 

k 

Ag 2 + + Tl(l) Ag+ + Tl(n) (3) 

Tl(II) + ^ T1 (III) + SO^- + SO,2- (4) 


If the termination of the chain takes place by the steps 

Ag2+ + HaO > Ag+ + H+ + OH. 

and OH. + Tl(n) >T1(III) + OH^ 

it can be shown that the reaction would not be independent of the substrate 
concentration. The termination would, therefore, occur by the process : 

^5 

Ag2+ + T1(I, > Ag° + Tl(III) (5) 

The formation of silver metal is experimentally supported by the appearance 
of black particles when the reactants are kept for sufficiently long time. The step 


(5) may, however, consist of several more steps. 

Several differential equations can be set up from the above scheme : 

- ^ (SjOgS-) = [SgOg^*-] [Ag+] + [T1 (11)3 [SgOg*-] 

= {^t[Ag+] + A*[T1(II)]} [SgOg*-] (6) 

^ (Ag2+) = yAg+] [S^Og^-J 4 AatAg+] [SOg-] 

-^s[Ag^+][Tl(I)]-^ 5 [Ag*+][Tl(I)] (7) 

J- (SO 4 -) = -tilAg+] [SaOs^-] - fc^lSO^-] [Ag+] 

+ A,[T1(II)] [S^Og^-] (8) 

~ (T1{II)) = MAg^+l [T1(I)] - A,[T1(II)] [SgOg=>-] (9) 

By the steady state hypothesis, 

4(Ag>.)_|,(SO.-,-4(Tl(II))_0 (10) 

Making use of relations (7), (8), (9) and (10) the equation (6) may be simplified 
to give the following rate law ; 


From the above rate law the silver (I) catalysed oxidation of thallium (I) 
by peroxydisulphate would be of first order with respect to peroxydisulphate and 
silver (1) and of zero order with respect to thallium (I), which is in complete 
accordance with the experimental observations. 
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Abstract 

The paper describes a method of inclusion of zero- point energy in the 
parameters A, B and P of the potential 

^ (r) = - Ar"^^ -h AB exp ( - r/p), 

for solid helium, neon, argon, krypton and xenon. The equilibrium conditions and 
experimental crystal properties at absolute zero are used for this purpose. Evalua- 
tion of these parameters requires the knowledge of the vibration spectrum of the 
crystal which is itself a function of all these. An iterative process is therefore 
used for the evaluation by estimating the static lattice energy through succeesive 
approximations. The effect of zero- point energy over the parameters is studied 
by comparing their values with those caculated without it. The heat capacities 
and other thermodynamic properties calculated with these parameters show a fair 
agreement with recent experimental data. 

1. Introduction 

Among molecular solids, the solidified inert gases are particularly interesting 
due to a number of reasons^ The most interesting feature of this simple class of 
solids is the relatively high zero- point energy which they possess. The zero-point 
energy increases the lattice constant, decreases the cohesive energy and gives rise 
to anharmonicity of lattice vibrations even at lowest temperatures. The effects 
are most marked in case of helium, but become less appreciable as one passes to 
the other members of the group with higher atomic numbers. 

The effect of zero-point energy on the bulk properties is measurable at all 
temperatures, although it is more predominant at lower ones. This has been 
studied by Salter-, who showed that it gives rise to Cauchy- discrepency (0137^044) 
in inert gas-crystals. Other thermodynamic properties have been studied by 
Domb and Zucker^, Zucker^, HenkeP and Horton and Leech^, etc., who 
obtained satisfactory agreement with experimental results using Lennard- Jones 
potential (r) = -f- Guggenheim as McGlashan’s^ and Horton and 

Leech’s calculations show that Lennard-Jones potential is inadequate® to account 
for the thermal properties of these solids even after incorporating the zero-point 
quantum effects. 

Herzfeld and Mayer^ and Kane^® have studied melting and other thermal pro- 
perties of these solids by using another potential (j>(r) = exp - (r/p), with 

a more acceptable exponential repulsive term {AB exp ( - r/p)) in place or in 

the Lennard-Jones potential. The results obtained by these worker were not satis- 
factory. This may be due to the fact that they used two values® for the parameter p, 
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namely p = 0-345^4 and 0*2091 A, calculated, the other tv^o (i4 andj&) using 
sublimation, energy and lattice constant at O^/T. The present authors aimed at 
calculating the three parameters A, B and P of the potential (1), separately for 
each gas-solid by including zero-point energy and to recalculate the thermodyna- 
mic properties using these parameter. The present paper describes only the 
method by which zero-point energy has been included in the potential parameters. 
The two sets of parameters, with and without zero-point energy, are found to differ 
appreciably, 

2, Determination of Potential Parameters 

We have chosen the following interatomic potential (/;(?*) lor a pair of atoms 
of the inert gas-solids separated by a distance r. 

<l>[r) = - exp (- r/p), (1) 


where A^ B and P are constants. The inverse sixth power term represents the yan 
der Waals attraction due to dipole-dipole interaction and the exponential term 
stands for oveidap repulsion due to Pauli’s exclusion principle. The two forces 
are characteristic of neutral and isotropic atoms and may be regarded as central, 
two- body forces of short range. Unlike Herzfeld and Mayer^ and Kane^° we have 
taken p as an undetermined parameter. The three parameters are determined as 
follows. 

2*1 Equilibrium conditions , — The parameters A^ B and P can be determined 
from the following equilibrium conditions of the lattice. The conditions assume 
their simplest form at absolute zero of temperature and can be written as 



( 2 ) 

( 3 ) 



where V = is the molar volume, F the Helmholtz free energy and Z, P 

and fS are respectively the sublimation energy, pressure and isothermal compressi- 
bility of the crystal. 

2*2 Helmholtz Free Energy . — According to statistical mechanics the free energy 
F of a system is related to its all possible energy levels through the partition 
function 

, F ==-kT\ogZ, (5) 

where k is Boltzmann constant. The total eigen value of the energy operator 
is the sum of static lattice energy Est and the vibrational energy, that is 

En = Est + I (i + «) Hi, K). (6) 


The summation is carried over all the wave vectors ir( = X'') and for 
all eigen values of an oscillator. For a cubic crystal having one particle per unit 
cell i runs from 1 to 3. So the partition, function 

= 2 exp (- £„/A;r), 


= exp {-EstlkT) 


S exp [ - ^ h' {i, K)lkT ] 
i,K 1 - exp [- hv [i, K)lkT} 
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Now combining (5) and (7), wfe obtaiii 

2 I 2 ATSinh • ( 8 } 

The free energy per mole of an inert gas crystal may be obtained by carrying 
out the summation over JV (Avogado number) states of vibration jfiT and over ^ 
( 1 . 2 , 3 ). 

2’3 Static Lattice Energy. The static lattice energy Est is just the lattice 
potential energy and is the sum of potential energy of all the pairs formed by one 
atom with all the other atoms at distance r from it. If there are N atoms in the 
crystal, the static lattice energy can be expressed as 

Est = i jV 2 <}>{r), (9) 

The factor ^ allows for the fact that the summation process counts every 
atom twice. 

For an inert gas crystal, the static lattice energy is written as 

Est = 4 jV [ - iS, ArQ”^ -f ^2 AB exp ( - Tq/p)], (10) 

where V q is the nearest neighbour distance at O^K. and *92 are constants which 
depend upon the nature of the lattice. For face-centred cubic lattice S^ has been 
evaluated to be 14*4539 by Jones and Ingham^h For the same f.cx. lattice the 
constant 63 ^^7 1 ^^ defined as 

^2 = S Mwt exp [- ro ( Vm- U/P ]» (H) 

where stands for the number of mth neighbours and the summation is carried 
out over the entire crystal. The series has been evaluated as 12*04568 by us using 
a method of successive approximations. 

Now for convenience we define the new variables 

= 2 m = ~(jr) 


where r is the interatomic distance. On substituting the value of F fiom ( 8 ), the 
conditions of equilibrium (2), (3) and (4) may be rewritten in terms of the above 
variables, at absolute zero of temperature, as 



^ JV-§0 + ? 1 [4 Av (t,^:)]o = 

t A 

- ~ Lq , 

(13) 


s' + - 2 i r 
-r 2 ■ ^ 

= 0 , 

_o 

(14) 

and 

- 2-^ '1 -1- 2 2 r 

2^0) + 2/2 i ^tL 

02. {i, ^T) -} 1 

dV- Jo~ ^0 . 

( 15 ) 


where the suffix 0 indicate the values of the variables of absolute zero of tempera- 
ture. The frequency dependent terms in (13), ^ 4) and (15) represent the effect 
of zero-point energy (Ezf and are by no means insignificant in the present case. 
The second term in (13) is Ez itself. These equations cannot be solved directly 
for the determination of i'o"} 2 nd hence of the parameters A, B and P, 

since the evaluation of frequency dependent terms requires the knowledge of the 
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vibration spectrum which itself is a function of the parameters Therefore ttey 
have bem Estimated by the Debye theory of specific heats. Representing the 
?mquSc? depSent terms in (14) and (15) by T and Y respectively, we have 


“ 0" — R 00 > 


_-9 

4/ir 


k 00 


Yo and Y = I 1 (1 + "yo) 


(16) 


where Yq and 6o are respectively the Griineisen constant and Debye characteristic 
temperature at and R is the gas constant. 


table I 

Experimental values oj constants used 


Solid 

00 

O 

X 

O 

cm 

BqX 10^^ cm^ 
dyne"* ; 

Lq Cal molc‘^ 

Ez Cal 

mole"* 

00 “TT 

y 

u 

*He 

5-198 

D 

235-70 D 

12 D 

47 

C 

20-00 D 

2-60 

E 

Ne 

4-462 

P 

10-00 P 

448 P 

154 

P 

66-60 P 

3-22 

H 

Ar 

5-312 

P 

9 98 P 

1846 P 

187 

P 

83-66 G 

2-77 

H 

Kr 

5-644 

P 

3-99 P 

2666 P 

145 

P 

64-87 G 

2-51 

H 

Xe 

6-131 

P 

2-80 P 

3828 P 

123 

P 

55-00 P 

2-87 

H 


*Solid at 25 atm pressure and O^K. 

P - Pollack’2, H - Horton et al» 

C- Calculated byA^ = 9R 0o/8, using Morrison and coworker’s=^"'“^ values 
of Ez. 

D - Dugdale and Simon^®, E ~ Edwards and Pandorf^®. 


Now replacing the frequency dependent terms in (13), (14) and (15) by Az, 
X and Y, and solving the equations we get. 


A = a - 




rp® [3 P Y + 12 P + Tq) X ] 
t/z 5i (fo- 7p) 


3^2 Xpt q^ 
S^A 


exp (ro/p). 


(17) 

(18) 


p-f.[ log«,£-log + (19) 

3f 9 p P 

“ = Vrsr(ro- 7 P)To' ’ * “ ^ 

The expressions for A and B contain p and that of P contains -4 and 5 
explicitly, therefore they cannot be evaluated independently. An iterative method 
has been applied to obtain the values of the parameters B and p, 

3. Computation and Discussion 

In order to obtain self consistent values of A^ B and p, first X and Y are put 
equal to zero in (17) and (18) and an approximate value of p is obtained by replac- 
ing A and Bhy a and 6 in (13). With this value of P approximate values of A and 
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B are found out, which on being substituted in (19) give next appro3cimate value 
of P, The self consistent values of the parameters for He, Ne, Ar, Kr and Xe are 
calculated by a number of iterations, using IBM-1620 Digital Computer. We 
have also determined these parameters without incorporating Ez. The two sets 
of Ay B and P are given in Table 2. 


TABLE 2 

Values of parameters A, B and p. 




With £-5 



Without Ez 


SoUd 

A X 10® 
cm~® 

B X 10 
cm"® 

p X 10® cm 

A X 10® 
cm"® 

B X 10-^« 
cm'® 

p X 10® cm 

•He 

0-04468 

1*37332 

0-44174 

C-04521 

1-98937 

0*42317 

Ne 

0*13388 

18-24467 

0-31019 

0-13590 

21-96870 

0*30495 

Ar 

1-13529 

32*64233 

0-31553 

1-09763 

34-78721 

0-31300 

Kr 

2-42587 

10-12222 

0-36167 

2-38158 

10-42538 

0-36021 

Xe 

4-71992 

39*19334 

0-33218 

4-65544 

40-15069 

0-33116 


The two sets of parameters on being compared show ihat zero-point energy 
increases p and decreases B in ail the cases. But the parameter A increases in case 
of heavy rare gas solids (argon, krypton and xenon) and decreases in case of helium 
and neon. The heat capacities, thermal expansion and isothermal compressibi- 
lities of argon, krypton and xenon calculated with these parameters, which have 
been corrected for zero-point energy, are in fair agreement with recent experi- 
mental data^^>^^»^°»^^. However, the discrepancy between calculated and observed 
results of these thermodynamic properties in case of neon and helium is large^^>^®>^^. 

It is well-known that the interaction in the case of helium is of different type 
and quantum effects are predominent. Neon being close the helium in the periodic 
table, must share some of its characteristics^^. The anomaly may, therefore, be 
viewed in this light. 
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Abstract 

A relation between a generalised Hankel transform of a /unction 
and a generalised Laplace transform of the product of this function with 
another function has been established. The Hankel transform considered is that 
given by Roop Narain and the Laplace transform that by Varma. 


A theorem giving a relation between the Hankel transform of f{x) and 
Meijer’s Bessel function transform of f[x),g[x) was given by Sharma^. The 
object of this note is to establish a relation between a generalised Hankel transform 
oif{x) and a generalised Laplace transform o^f[x) g{x). The generalised Hankel 
transform considered here is the one given by Narain® and the generalised Laplace 
transform that by Varma®. ■ ^ 

The following notations will be used throughout this paper : .. 


{/(*) ; ^ = r (P^)f(x) dx, 

J 0 

Hv {/(*) 5 J } = Jv{Vi>)f{x) dx : 

{/{x) ;y) = 2:'' f (xj’y+^ . (xj):f(x) dx 

Jo 


(x) — X ^ 


2,4, 


X 


V, V -f 2 m, - 2m, 0 


(2) reduces to (1) when & + m because of the identity 

(4) is a generalization of the Hankel transform- denoted by 

(3) and reduces to it when \ 

Tt has been-established by Narain® that 

O^x^dz^) for small x 


( 1 ) 

( 2 ) 

(31 

( 4 ) 

( 5 ) 


( 6 ) 
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and 


(x) Olx^n) for large x 
where V stands for either of the three quantities 
i(’' +i), (i + A - /*), (» + V + p - X). 

Theorem 1 

If r’ + i-”. ^ i(o. »), 

g(x) E L(0, CO ), 

^(>? + /* ± (i) > Oj /J(J + >'+m±ff2 + /»d-j»)>o 
and/(A;).^(*). x»^-i e X( 0 , R), 

‘hen ^ (/(*) ^ j 

“ /o K’‘‘ f (J>^) ^(*) ; jr} rfj- 

^roo/: Since [2, pp. 5] 

/(X) = 2 -'' (/(X) ; j) rfj, 

We have 

^X;,m {/(*) J p } 

“Jo (px). 2 -''(xy;^+i Xy,x>fE {/(x);ydyj d; 

/ * X H ^00 

" /o ^ v’^ (/(*); J }• ( (Px)’r>-i, riP^. Wj,,^ ipx) g{x) ;j}dj> 

For this the integrals* justify the inversion of the order of integration. 


( 7 ) 


and 


/„ l-T’’'-*'* M (fix) ■,y}\dy 

/ 'OO 

0 


I »’’+• ,-)p.. j 

r:::' “r''^ ■”“* 

^ + rrX)f^. r. V . . 

V ,• j } for Small j;. 
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Tkus the j^-integral is absoiuteiy convergent wken 

CO) 

and R{v + m ± F-) > 0. 

Again, Wjs,m (px) (xy) g{x) 

g(^x) for large x, 

^ ^v+m±m4F±F+i e-P^ g{x) for small at. 

The a;- integral converges absolutely at the upper limit. Also, at the lower 
limit the integral converges absolutely ifi2{| + v+m±m+P'±fA)>0. 

Also the repeated integral exists if/(A:). g{x). e L (0, R), Therefore the 
inversion of the order of integration is justified under the conditions stated with 
the theorem by virtue of De La Vallee Poussin’s theorem [1, pp. 504]. 

If we take A; + m | in the theorem, 
we obtain 

Thtorm 1 (^z) 

If y + h)’‘^ {fix) ; J } 8 L (0, eo ) 

^(;ic) £ Z, (0, eo ), R{n + d: /*) > 0 

R{v + F±/* + i)>0 and/(*) ^(a:) e L (0, R) 

Then 

Uf{x) g{x);p)=j^ hJ {f{x);y}.H^ g{x) ;y} dy 

If we take \ + ji = | in the theorem, 
we obtain 
Theorem l{i) 

If f[x) and {f{x) \y) e L {0,eo) 
g{x) £ X (0, CO ), R{m ±m) > 0 

then 

{fix) g{x) ;p} 

= Hy {fix) ij> }■ ffv{ {px)”^-i e-ipx ipx) g{x) ;y}dy 

If -wc further put A + /* = J together with k m = \ in the theorem, we 
obtain 

theorem l(r) 

If f{x) 3.nA Hy {f[x) y} e L 0, co ), ^(a) £ X (0, co ) 

and + *') > Oj ^{P) > 0> then 

L{f{x) gix) IP) =r Hy{f{x);y)..Hy{e-PXg[x)iy)dy 
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We now illustrate the appiication of the last theorem by an exampie. 

If we take f{x)=xi^-^Psin{»x) > - IJ 

g{x) = xi, 

then we have 

L { x>^-\ sin (..);/}= H, { x>^-^t^ sin (a.) rv- .x^;y)dy 

(/ t sin ' • ' " 


or 


tair' 


P J. 


r sin {('"41') 4 

2". av+M r( . ^ f) • ^Pi ( -g - 1 ; 

‘^Pl 






V \r i J ) 

+ r 2jtfJXi+?+S) „n+r+, l+^„ 3 ■ 

when iJ(p) > j Ima J 


Or 


I^(''+A‘)sin 


r^i+I+il^ 


\( 


2 J 

• r(v+i) 

Jo dp] (/-+y)l 


\ 2 J r I ^/[p2+y)i ,, 

r (tel) J a 2i^ytei, . i. ^ 


> 2 ’3?'/ ^ 


theoremT^^" examples can be constructed to illustrate the application.of the other 

during the preparation o/this^note° ^°^ his help and guidance 
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Talc as a medium of growth for Nitrate*forming Bacteria 
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Abstract 

The effectiveness of talc alone, as well as in presence of carbonates of Ca, Ba, 
Sr, Mg, and Na as a medium of growth for Nitrobactor has been studied, and it 
has been found that talc when used alone or when used along with carbonates of 
Ba and Sr, is not a suitable medium for the growth of Nitrobactor, but when it is 
used along with optimum amounts of carbonates of Ca, Mg and Na, it acts as a 
fairly satisfactory medium. Among the carbonates, Na 2 G 03 has been found to 
fee the best, while BaCOs is the worst, probably being toxic. 

Intro da ctioD 

In 1890 Winogradsky^ observed that nitrifying bacteria could not be isolated 
on agar, gelatin and peptone media, although these media had been found very 
useful for the isolation of other bacteria in general. This led to the belief that in 
presence of organic matter nitrifying bacteria are probably not active and hence 
their isolation on organic matter is not possible. However, Winogradsky suc- 
ceeded in isolating a pure culture of these bacteria by plating on a completely 
inorganic medium solidified with silica gel. Since then many inorganic media^ 
with vatious modifications have been suggested for the isolation and cultivation 
of nitrifying bacteria. 

Tandon, De and Rastogi^*^^^ and Khare*^ employed various clay minerals 
namely bentonite, vermicullite, pyrophyllite and talc as media of growth for 
Nitrosomonas and found that these can be used as media of growth for Nitroso- 
monas, if these clay minerals are used along with crabonates of magnesium, 
calcium, strontium and barium in the proper ratio. They further showed that 
MgGOa serves better as compared to carbonates of Ga, Sr and Ba. 

In order to see, if these clay minerals can be used as a medium of growth for 
Nitrobactor also, we have carried out detailed experiments. The results withjtalc 
when used alone and when used along with carbonates of Mg, Ca, Sr, Ba and Na 
are discussed here. 

lilxperimental 

A pure culture of nitrate-forming bacteria was isolated from the soil by the 
usual elective culture method employing Fred and Davenport’s medium. 

The following solutions were taken : 

Solution A — Sterilized sodium nitrite solution containing one milligram 
nitrogen per ml. 
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Solution B — Containing all the constituents of 't’red atid JDavenport^s 
medium except sodium nitrite. 

For the systematic study, four sets, each comprising of four 250 ml Jena flasks 
were taken. In each flask of every set 1*0, 1*5, 2*0 and 2*5 gm talc was taken 
separately. Into each of the three flasks of every set 0*01, 0*05 and 0*10 gin 
MgCOs was introduced separately. The fourth flask of each set was left as such 
with no carbonate, 50 ml distilled water was then added to the contents of each 
flask. One more flask with 50 ml. solution B was also taken. 0*2 ml. sodium 
nitrite solution was then added to each of the above flasks. All the flasks were 
sterilized at 15 lb pressure for 15 minutes in an autoclave. After sterilization the 
flasks were allowed to cool and then a definite amount of the inoculum was intro- 
duced into each of the flasks which were then kept in an incubator. 

Nitrite was estimated in each flask after every 48, 96, 168, 240 and 360 hours 
by Griess-Ilosov'ay method. 

Discussion 

The amount of total nitrite and nitrate nitrogen was also estimated at the 
beginning and ar the end of each experiment, and it was found that the total 
remained the same, which thereby clearly indicated that there was no loss of 
nitrogen during the process of nitrite oxidation and the nitrite which disappeared 
changed only to nitrate. 

The results obtained indicate that when talc alone is used as a medium of 
growth for Nitrobactor the nitrite oxidation is less than when Fred and Daven- 
port^s medium is used. Maximum nitrate formation takes place when 2*0 gm 
talc is present per 50 ml. In the talc medium out of the 0*2 mg nitrogen taken 
in the beginning in the form of nitrite, 0*007986 mg was left even after 360 hours, 
whereas in Fred and Davenport’s medium 0*004356 mg only was left after 
168 hours. 

It is further observed that the addition of carbonates of Mg, Ga, and Na 
to talc makes the latter a more effective medium and causes an increase in the’ 
rate of nitrate formation, but even this increased rate is lower than that which 
obtains in Fred and Davenport’s medium. Among the carbonates used Na^GOa 
was found to produce maximum increase in nitrate formation, and this was "with 
a solution containing 2*0 gm talc and 0*05 gm Na^CO^. In this solution nitrogen 
left after 168 hours was found to be 0*01742 mg, while with Fred and Davenport’s 
medium under similar conditions and in the same time, the amount of nitrite 
nitrogen left was only 0*004356 mg. 

The growth on talc in the presence of MgCO-^ and CaGO^ is also fair ; it is 
slightly better with MgCO,^, although the difference between the two is not much. 
After 168 hours of bacterial activity 0*04792 mg nitrite nitrogen was left in the 
medium containing 2*0 gm talc and 0*10 gm MgCO^ while 0*052998 mg nitrite; 
nitrogen was left in the medium containing 2*0 gm talc with 0*05 gm GaCOg. 

Our study further shows that talc along with carbonates of strontium and 
barium is not a good medium for the growth of nitrate-formers. This growth in 
the presence of both barium carbonate as well as strontium carbonate is very slow. 
For instance, in the presence of 2*0 gm talc and 0*01 gm. SrCOg after 240 hours of 
bacterial activity 0*04138 mg nitrite nitrogen was left, whereas in the case of 
Fred and Davanport’s medium only 0*004356 mg nitrite nitrogen was left after 
only i68 hours of bacterial activity. 
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The presence of barium caibonate in the 
injurious and the growth starts decreasing with the 
quantity of BaCO^. 


medium has been found to be 
addition of even the smallest 


Thus, It isclear that talc when used alone or when used along with carbonates 
of strontium and barium IS not a good medium for the growth and activity of 
nitrate- forming bacteria, but talc along wit h carbonates ol sodium, calcium and 
magnesium can be simcessfully employed for the cultivation and isolation of 
follows ectiveness of talc with different carbonates may be put as 


Na 2 C 03 > MgC 03 > GaC 03 > SrC 03 > BaGOg 

References 

1. Stanier, R. Y., Doudoroff, M. and Adelberg, E. A. “General Microbio- 
logy” Ed. 1958. 

2. Fred, E. B. and Waksman, S. A. “Laboratory manual of general micro- 
1*92^^^ special reference to the microorganisms of the soil.” Ed. 

3. Tandon, S. P., De, S. K. and Rastogi, R. G. “Nitrosofication in vermi- 
culite medium.” Vijnana Parishad, Allahabad, India, 5 (2j 83-88, 1962. 

4. Tandon, S. P., De, S. K, and Rastogi, R. G. “Bentonite as a Growth 

medium for Nitrite-forming bacteria (Nitrosomonas) ; Part I ” N lb 
Miner, ML 2, 42-47, 1962. ‘ ‘ 

5. Tandon, S. P., De, S. K. and Rastogi, R. G. “Bentonite as a Growth 
Medium for Nitrite- forming bacteria (Nitrosomonas) : Part II.” Proc. 
Mat. Acad. Sci. India, A-34 (1), 15-21, 1964. 

6. Khare, H. P., D.Phil. Thesis, Allahabad University, 1965. 


t 91 3 



Proc. Nat, 4cad. Scl., India, ?9(A), I, 1969, 


Proanthocyanidins of Symplocos racemosa Bark Part I 

By 

N. KAKKAR, K. MISRA & R. D. TIWARI 
Chemical Laboratories, Allahabad University, Allahabad 
[Received on 16th December, 1967] 

Two glycosides have been isolated from the ethanolic extract of Symplocos 
racemosa (stem bark). On the basis of chemical and spectral studies one of these 
has been assigned a structure as the S-monoglucofuranoside of 7-0-methyl leuco- 
pelargonidin. The other water soluble glycoside is closely related to the above 
one. 


Symplocos racemosa^^ commonly known in Hindi as ‘Lodh tree’ and in 
English ^Californian Cinchona’ is widely distributed throughout the northern 
region of India, The most important part of the plant is the rough acrid stem- 
bark which is astringent in taste and is reported for its great medicinal impor- 
tance. It has been reported to be useful in eye diseases, blood diseases, cough 
dysentery, inflanimation, bowel complaints, spongy gums and ulcers. Despite 
the great medicinal value very little work has been done so far to study its 
constituents. The presence of three alkaloids in the bark vs^as reported by 
named as Loturine 0*24%, Loturidine 0*06% and Golloturine 
0 02 /o. Later on Spa th^ showed that these compounds were identical to abrine 
and harmala. 


1 order to carry out a systematic investigation, the powdered stembark, 
already extracted with benzene, was put for extraction with boiling ethanol 
From the concentrated extract two compounds were isolated. One (Compound 
A) was sparingly soluble in water and the other (Compound B) “could be 
extracted out with ethyl acetate from the aqueous solution. Both these com- 
pounds were repeatedly crystallised and their homogeniety was confirmed on 

‘=^.^0“^tography. The compound (A) on heating with 
ethanolic hydrochloric acid gave a deep red solution. This colour could be 
extracted out with amyl alcohol and on addition of sodium acetate turned purple 

like Sural amhoc'"' hydrochloric acid. It behaves lx£t\y 

the oSnal cSiST conclusion could be drawn that 

DOsiti^SkcW^r^^A’^'^I- leucocyanidin. Further, the compound gave 
It did rJnond presence of a sugar moiety in the molecule, 

specif r^aeeSfor hydrogen phthalate*. which is a 

Sun of the snlTr , This suggested that the reducing 

fhloSde the^kmnonnd L/S nt “ and is not free. With ferric 

of SoreSSanvlf eliminated the possibility 

ot tiie presence of any free catechol or pyrogallol unit in the molecule. 

The sugM waTiSffieif I acid hydrolysis gave an anthocyanidin and a sugar, 

e sugar was identified as glucose by paper chromatography TLG and hv nrp 
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The Xmax in ethanolic hydrochloric acid was at 530mii (pelargonidin has Xmax 
at 535mii), In case of anthocyanins it is generally known that substitution of one 
hydroxyl group lowers the Xmax by 5mii to 10 Hence, the conclusion could 
be drawn that may be one of the hydroxyls in pelargonidin is substituted by some 
group. With aluminium chloride, there was no bathochromic shift confirming 
thereby the absence of any catechol unit in the molecule. 

The I. R. of the glycoside and its acetate both show peak for methoxyl group 
( 3 ^nax 1280 cra**^). The NMR also confirmed the presence of methoxyl group. 
Methoxyl estimation shows the presence of only one methoxyl group. 

In order to find out the position of -OGHg group in the molecule, the glyco- 
side was subjected to neutral permanganate oxidation when p- hydroxy benzoic 
acid was isolated as a product. This observation excluded the possibility of the 
presence of methoxyl group in the side phenyl. There was one choice left 
methoxyl may be either at 5 or 7 positions of the pelargonidin nucleus. On the 
basis of biogenesis it is more likely to be in 7-position, 5- position being free, as 
indicated by a shoulder at 450 m/x in the visible spectrum of the corresponding 
anthocyanidin. Hence, the sugar may be either at 3 or 4 positions (diol unit). 

Another point to be decided was, whether sugar moiety is present here as a 
monosaccharide or a disaccharide or polysaccharide chain. It was decided by 
subjecting the glycoside methyl ether to periodate oxidation. One mole of the 
compound consumed two moles of periodate, without the formation of formic acid, 
an observation which can only be explained if there is only one glucose unit 
present, and that too in the furanose form. If it was in the pyranose form, formic 
acid would have been obtained. 

Enzymatic hydrolysis of the glycoside with emulsin suggested the nature of 
the linkage as F, However, the position of the glycoside linkage was determined 
by subjecting the gb coside to catalytic hydrogenation, when no free sugar was 
obtained. This excluded the possibility of its being present as benzylic hydroxyl 
in the 4- position. On the basis of biogenesis and parallalism with anthocyanins, 
the position for sugar was decided to b^ 3. Hence, the glycoside has been 
assigned the structure I (a), although the alternative structure I (3) cannot be 
totally excluded. 



I (a) R = OCH3 R' ^ OR 
(b) R = OH ; R' = OCH3 

There are two novel features in this glycoside. It is the first time that 
leucopelargonidin is reported to be present in nature in the form of its glycoside 
and secondly none of the proanthocyanidins so far reported have been found to be 
partial or full methyl ethers. In leucoanthocyanidins, this is the first case of a 
partial methyl ether being reported to be present in nature. This glycoside which 
is highly astringent in taste, might explain, the medicinal properties possessed by 
the bark. 
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Experimental 

Extraction of the stem bark of symplocos racemosa : 

The benzene extracted powdered stem bark of symplocos racemosa (1 kgj 
was extracted with hot 95% ethanol thrice. The combined extract was concen- 
trated under reduced pressure when almost all the alcohol distilled ojff. The 
concentrate was poured over excess of water with constant stirring, when a brown 
amorphous mass (I) separate!, it was washed several times with cold water. The 
washings and filtrate (IE) were mixed and extracted with ethyl acetate 
continuously . 

The amorphous mass (I) so obtained was macerated with cold acetone, the 
insoluble sticky matter was removed and from the acetone soluble fraction a buff 
coloured semi-crystalline compound was obtained on repeated crystallisation 
from acetone- ethyl acetate mixture. The compound did not m(dt but decomposed 
at 240^G and its purity was tested on thin layer chromatograpliy using silica 
gel plate (solvent : butanol : 2N/HGI, 1:1). The compound was sparingly soluble 
in ether and light petrol and readily dissolved in ethanol, mctlianol, acetone and 
dioxan, Rf 0*73 (butanol : 2N HGl 1 : 1) ; hnam 275mt^. 

Acid hydrolysis 

The glycoside (*02 g) was refluxed with 5% ethanolic hydrochoric acid 
f 10 ml) for 2 hrs. The deep red solution obtained was diluted with water 
(20 ml) and phlobaphene which separated out was filtered oflf and the filtrate 
was extracted thrice with small amounts of amyl alcohol. The anthocyanidin 
was transferred to 1% aquous hydrochloric acid solution by shaking the amyl 
alcoholic solution with excess of light petroleum. The acid layer was washed with 
petrol and then with benzene to get rid of all the traces of amyl alcohol. To it 
excess of cone, hydrochloric acid was added, when a deep maroon coloured solid 
was obtained which gave tests for anthocyanidins. It gave purple colour with 
sodium bicarbonate and carbonate which turned red on addition of acid, and 
dull brown colour with ferric chloride. It gave single spot on paper Rf = *78 
(solvent - Forrestal), (pelargonidin, Rf 0*63). kmax 0*1% ethanoHc hydro- 
chloric acid 530^72/* (Pelargonidin Xmaxy There was no shifting of maxima 

on addition of aluminium chloride indicating thereby the absence of -dihydroxy 
grouping in the molecule. 


Sugar : 

The acidic solution after extraction with amyl alcohol was neutralised with 
barium carbonate and concentrated on a water bath. The concentrated syrup gave 
positive Molisch test, reduced Fehling’s solution and on paper showed a single 
spot Rf = *19 (solvent ; butanol/acetic acid/water (4:1:5); spray : A. H. P.). 
Authentic sample of glucose under identical conditions gave Rf ^ *18. This was 
further confirmed to be glucose by comparing with am authentic sample on a TLG 
p ate of silica gel m boric acid (0‘1N), (solvent ; ? 2 -prop anol/aimmonium hydr- 
oxide/water (6:2: 1), spray ; A. H. P.) r i / 

Osazone : 


To the concentrated sugar solution excess of phenylhydrazinc hydrochloride, 
sodium acetate solution and saturated sodium bisulphite solution were added. On 
eating the mixture 5 minutes on a water bath osazone appearesd as deep 

OOKO/^ authentic phenylosazone of glucose had sam? 
crystalline fprm and m.p. 205°G. ' » .v 
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Acetylation : 

The glucoside (0*02 g) was dissolved in a mixtxire of acetic anhydride (5 ml) 
and pyridine (0*5 ml) and kept at room temperature for 48 hours, then poured 
over crushed ice and left overnight. The colourless solid obtained was filtered, 
washed with water and crystallised from ethyl acetate-light petroleum mixture as 
light yellow crystals (m.p. 210-212° decomp.) 

Methylation : 

The glycoside (0*025 g) was suspended in dry acetone (30 ml), freshly ignited 
potassium carbonate (1 g) and dimethyl sulphate ( i ml) was added and the solution 
was refluxed for 6 hurs. It was cooled, potassium salt was filtered and washed with 
acetone. The combined filterate and washings were concentrated and poured 
over crushed ice and left overnight. The colourless solid obtained was filtered, 
washed with water and crystallised from ethyl acetate-light petroleum mixture as 
pale yellow semi-crystalline solid m.p. 225° (decomp.). 

Acetylation of methylated glycoside : 

The methyl ether of the glucoside (30 mg) was treated with acetic anhydride 
(5 ml) and freshly ignited sodium acetate (20 mg) was added and the mixture was 
heated at 130 - 140°G for 1*5 hours. It was cooled, filtered and poured over 
cr^shed ice and kept overnight. The light yellow solid obtained was filtered, taken 
in ethyl acetate from which the coloured impurities were removed by fractional 
precipitation with light petroleum and finally the acetate was obtained as a pale 
yellow crystalline solid. It crystallised from ethyl acetate — light petroleum mix- 
ture as light yellow crystals m.p. 112 — 15°G (decomp. )• 

Potassium permanganate oxidation : 

A boiling solution of the glycoside (50 mg) in acetone ^50 ml) was treated 
during 5 hours with powdered potassium permanganate (2*5 gm) in small lots. It 
was cooled, water added and most of the acetone was removed by distillation and 
sulphur-di- oxide gas passed to dissolve all manganese- di- oxide and excess 
permanganate. The clear slolution was extiacted with ether and the extract was 
washed with aqueous saturated sodium bicarbonate. The bicarbonate solution was 
acidified with hydrochloric acid and then repeatedly extracted with ether. On 
concentration the ether extract gave />-hydroxy benzoic acid as shown by paper 
chromatography, Rf, 0*23 (solvent ; butanol saturated with ammonia). Rf. for 
authentic sample of p- hydroxy benzoic acid under identical conditions is 0*26. 
This was further confirmed by TLG on silica gel G. plate (solvent, ethanol/ 
water/ammcnium hydroxide (100 : 12 : 15). 

Periodate Oxidation (Quantitative) 

The methyl ether of the glycoside (0*01051 g) was dissolved in aldehyde 
free ethanol (20 ml) and to it sodium metaperiodate solution (10 ml, 2*4372 g/ 
250 mlj was added. A blank was similarly run. Both were kept at room tem- 
perature for 48 hours. To 5 ml of this reaction mixture, excess of standard sodium 
arsenite solution (10 ml, 2*6627 gms. arsenious oxide per 250 ml) was added and 
the mixture was kept at room temperature for 15-20 minutes. It was titrated 
against standardised iodine solution (10 ml of sodium arsenite ^16-88 ml of iodine 
solution) 3 when the volume consumed was 12*28 ml. In the blank titration the 
volume of iodine consumed was 12*04 ml. Trom these readings, the amount of 
sodium metaperiodate consumed was calculated to be 2*2 moles for one mole of 
the glycoside methyl ether. 
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Smlofthereactionmixture was separately titrated against 0*01 JSf sodmrfi 
hydroxide solution (standardised against oxalic acid solution) using methyl red as 
an indicator, but there was no consumption of alkali. This showed that formic 
acid was not produced in the reaction. 

EnzyincLiic hydrolysis with emulsin : 

The glycoside (0*02 g) was dissolved in aqueous ethanol (20 ml ; 3 ; 1) and 
to this emulsin solution (25 ml), prepared from almonds^, was added and the 
mixture kept in a water bath, maintained at 45°C, for 4 days. Then the mixture 
was exracted with ethyl acetate twice. The ethyl acetate extract was washed with 
water. On paper chromatography, it gave a single spot, Rf = 0*70 (solvent, 
n-butanol : acetic acid : water (4:1: 5), lower phase ; spray, vanillin hydrochloric 
acid reagent). This fraction was free from sugar as indicated by negative Molisch 
test. The aqueous solution, left after extraction with ethyl acetate, was concen- 
trated on a rotary evaporator and the syrup on paper chromatography, gave a 
single spot Rf = 0*18 (solvent, n-butanol : acetic acid : water (4:1; 5), upper 
phase : spray, aniline hydrogen phthalate). Glucose under similar conditions 
gave the same Rf *= 0*18. Mixed paper chromatography g«ivc a single spot. 

Hydrogenation : 

The glycoside (0*02 g) was dissolved in ethanol (40 ml) and platinum oxide 
(0*05) was added. The hydrogenation was carried out at atmospheric pressure for 
4 hours. The resulting solution did not reduce Fchling’s solution and did ndi 
show the presence of any free sugar. On filtering off the catalyst and evaporating 
the solvent, the glycoside could be recovered back unchanged, as shown by the 
m.p. and paper chromatography. 

Next, it was put for hydrogenation under 15 lbs pressure for 5 hours, but 
even then, there was no hydrogenation and glycoside could be recovered back 
unchanged. 

Isolation of glycoside {B) from the aqueous extract 

The aqueous extract (II) was continuously extracted with ethyl acetate and 
the yellow extract concentrated under diminished pressure and light petroleum 
added slowly to separate sticky impurities first and later a buff coloured semi 
crystalline glycoside was obtained. It gave colour reactions similar to the above 
glycoside (A). 
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An Spectroscopic investigation of complex formation in 
Cobalt (II) Chloride-.aliphatic amine system 

By 
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Chemistry Department^ Lucknow University^ Lucknow ^ India 

[Received on 29th April, 1967] 

Abstract 

Visible absorption spectra of cobalt (II) chloride and various aliphatic amine 
solutions were analysed, with a view to extract information regarding each of 
amine-cobalt (II) complex. Presence of 6 different complexes £. 5 . mono, di, tri, 
tetra, penta and hexamines have been indicated by the shift in the position of 
absorption maxima. The energy changes of these complexes due to exchange of 
water ligands with amines, have been calculated and an interpretation is offered 
for this shilt in the position of absorption maxima. 

Introduction. 

A survey of the literature shows that amonia complexes of cobalt (II) chloride 
have been investigated. However, cliphatic amines have been given very little 
attention^ In the present paper the result obtained by a systematic spec- 
troscopic investigation of cobalt (II) chloride solutions with different molar 
quantities of amines are reported. Amines used are methyl, ethyl, propyl, butyl, 
dimethyl, diethyl and dipropyl amines. 

Experimental 

The spectra were obtained with a Unicam Sp500 spectrophotometer on 
2 X 10"^ cobalt chloride solutions with different molar quantities of aliphatic 
amines. The pH of the solution was buffered at low value with approximately 
2M ammonium chloride solution. 

Results 

The value of absorption maxima, energy observed per mole and intensity 
of various complexes formed by different aliphatic anlines have been given in 
table 1. 

Discussion 

It is reported that complex formation in solution is a stepwise process and 
many of the complexes so formed are quite stable, so that they can be studied up to 
certain extent^. It has iherelore been found that gradual addition of ammonia 
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or amines to a copper or nickel sulphate solutions, results in the formation of 
4 and 6 different complexes respectively, each of which shows a definite absorption 
maximum and these are named as mono, di, tri, tetra, penta and hexamines 
depending upon the number of amine molecules that they contain^ 

If ammonia or other aliphatic amines are added to the cobalt solution, it has 
been observed that the colour of the solution changes from pink to pink blue indi- 
cating the gradual formation of hexamine. For the spectropho tome trie study of the 
solutions, exactly one mole of various amines are added to cobalt (II) chloride 
solution in water. Since at each integral ratio a number of species exist in 
appreciable quantity, the value of the actual absorption maximum in each case, 
was found as in case of copper and nickel complexes^*® by plotting true absorp- 
tivity against wavelength, latter being obtained by solving the equation 

^ Cjci 

h 

Where AS^ is the absorption at wavelength X for the (Amine)o/(Cobaltj0 rotio, 
d is the cell thickness is the absorptivity index for the species at X and 
Cji^{ is the concentration of the compound at ratio. 

Each complex exhibits two absorption bands, one very sharp and another 
shoulder and their relative band shifts if compared to cobalt (II) chloride, by the 
addition of different molar quantities of amine solutions, indicate the gradua- 
formation of mono, di, tri, tetra, penta and hexamine cobalt (II) chloride coml 
plexes. The addition of amine even in excess, later on causes no change in the 
position of the bands 

The energy in K. cals absorbed per mole of each complex, for every absorption 
band, has been calculated by the formula E == NhC/x, where N is Avogadro*s 
Number, h is Planck’s constant, C velocity of light and X the wavelength of 
complex under consideration. It is observed that as the water ligands are replaced 
by various amines there is a gradual change in the various energy values. It 
is further noted that the energy values in different complexes are constant and are 
unaffected by the increasing molecular weight of the amine. 

Cobalt (II) chloride exists in solution as [Co(H^O)e]-^- ion and contains 
octahedrally co-ordinated cobalt (II). The Go”" ion has the electron configuration 
<f and its ground state in an octahedral field is represented by U^eg in strong 
fields (water or amines). Under the influence of a very strong octahedral field, a 
2E state originating from the 2G state of the free ion will become the ground 
state. Such complexes possess only three spin allowed d-d transitions, which are 
represented as Vj, V2 and V3 and assigned as follows : 

4T,g{¥) 4T,/F) (V,) 

41\^(F) 4A2^(F) (Vs) 

4T,,(F)^4T,,(P)(V3) 

The main band of the spectra is the V.j band and the shoulder is Vo, From 
the above assignments, is- expected to lie in the near infra red and therefore 
escapes detection. The bands possess low molar absorbance values. 

In case cf hexaquo cobalt (II) ion the solution is pink in colour and the V2 
band is observed at 550 Twp while the V3 band at 495 mp as a slight shoulder. 
When amines are added the replacement of water ligands with amines, which He 
toward the stronger end of spectrochemical series, begins and the colour of the 
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solution changes. The position of the V 3 absorption band shifts to lower wave- 
length or higher ferquency region while the V 3 shoulder occupies the same 
position. With a subsequent increase in ligand field than water gives rise to an 
hyposochromic effect, which causes the absorption band to shift 10 lower wave- 
length. The energy now available for the electron to jump from one level to 
another is consequently increased, but this can not cause any apparent change in 
the magnitude of the transitions, because the above mentioned three transitions 
are the only spin- allowed transitions for bivalent cobalt in an octahedral fii;ld. It 
is thus concluded that the change in the position of absorption maximum is due to 
the stronger ligand field environment produced around the metal by the replace- 
ment of water with amines* 
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Abstract 

The effect of nitrogen and phosphorus on the composition of oat was studied 
under field conditions. The results indicate that the crude fibre percentage 
increased, whereas percentage of phosphorus, crude fat and mineral matter 
decreased with advancement in maturity of the crop. Phosphorus application 
(^ 30 lbs. /acre proved beneficial over control. Nitrogen application decreased the 
crude fibre content, but increased the crude fat, phosphorus and mineral matter 
contents of the plants. A combination of PaoNgo and variety Green Mountain’ 
proved to be the best treatment. 


Studies in chemical composition of plants are of paramount importance judg- 
ing from the quality of crop and the fertility status of soil. Such studies help in 
characterization of soil chemical properties in terms of plants. 

The purpose of this study was to obtain information of average content of 
phosphorus, crude protein, crude fat and mineral matter, at seven ^tages of growth 
of oat, the total uptake of phosphorus and the total productioii of crude fibre, 
crude fat and mineral matter per acre, by grain and straw separately. 

Experimental 

The experiment was conducted at the Students’ Instructional Farm, Govt. 
Agricultural College, Kanpur, during Rabi season, 1964-65. Two varieties of 
oat, ^‘Green Mountain” and ‘‘Oat-ll” were sown at the rate of 30 kgs. per 
acre on 10th November, 1964. The design of the experiment was split-plot with 
4 replications in which phosphorus was the main factor with two levels, 0 and 
30 lbs. per acre. It was applied at the time of sowing the crop. Nitrogen with 
4 levels, i.^., 0, 30, 60 and 90 lbs. per acre along with two varieties, were the 
sub- factors. The combination of nitrogen and varieties were applied in each sub- 
plot of the main plots with the help of random number, with a view to know the 
best variety and suitable dose of nitrogen. Half of the amounts of nitrogen were 
applied as basal dressing, and rest were topdressed with irrigation, 60 days after 
sowing. 

The composite samples of four plots of the similar treatment -combinations 
from each block were taken at an interval of 21 days. The total number of 
samplings were 7, during the whole period of crop growth. In the last sampling 
the grain and straw were studied separately. 
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Phosphorus was determined by colorimetidc method, ''chlorostauiiojij 

reduced molybdophosphoric blue colour method in hydrochloric acid system, !^ 

described by Jackson (ISo?). Crude fibre was determined by standard method 

as described by Piper (1950). Grude-lat was extracted^ with petroleum ether 
using Soxhlet’s apparatus as described by Piper (1950). The mineral matter was 
determined by dry ashing of the plant material. 


TABLE 1 

Average percentage of phosphorus^ crude-fibre^ crude-fat and inineral matter at 
different stages of growth 


SI. No. of sampling 
Age of the crop 
in days 

Stage of 
growth 

1 

21 

4 leaves 
stage 

2 3 

42 63 

6-7 leaves Boot 
stage stage 

4 5 

84 i05 

Heading early 

stage milk 

stage 

6 

126 

early 

dough 

stage 

7 

147 

Harvesting stage 

Part 

analysed 

whole 

plant 

whole 

plant 

whole 

plant 

whole 

plant 

whole 

plant 

whole 

r'lant 

Grain 

Straw 

whole 

plant 

1. Phosphorus 

0-930 

1-058 

0-773 

0-669 

0-538 

0-457 

1*022 

0-183 

0-338 

2. Crude fibre 

7-74 

14-42 

18-94 22-07 

26-25 

28-07 

10-93 

32-24 

26-19 

3. Crude fat 

4-31 

3-55 

2-58 

2-09 

1-75 

1-55 

4-44 

1-43 

1-68 

4. Mineral matter 11 *28 

10-23 

8-82 

6-26 

5-85 

5-29 

7-86 

4*78 

5-36 
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Results and Discussion 

A complete picture of 7 stages of growth and the average percentage of 
phosphorus crude fibre, crude-fat and mineral matter is given in Table No. 1 and 
rig. No. 1. 

from table No. 1 and Fig. No. 1 that phosphorus percentage of 
plants slightly increased in second sampling and then decreased upto die matufity. 
A found higher in grain than in straw. The percent 

early-growth, until the early 

and® HorS ’ TW Jft of simple sugar into cellulose, hemicellulose 

and hgnin. Thereafter, the percent crude fibre decreased slowly. The grain 

had lower percentage of crude fibre than straw. The crude fat and mineral m®atter 
percentages decreased slowly with the maturity of the crop. The grain had higher 
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faercentdge of crude fat and mineral matter than straw. These results are in 
Lnformity with the results obtained by Berry (1920), Smith {I960), Stola (1937) 
and Stall-cup il960). 

In general, diflferences in phosphorus, crude-fibre, crude-fat and mineral 
matter contents of plant, due to date of samplings, are significant. There is nega- 
tive correlation between the crude fibre and crude fat percentage. But the crude 
fat, phosphorus and mineral matter are positively correlated. 


table 2 


Average uptake of in pounds per acre 


Treatments 


Uptake of PoOfi 

Grain Straw 

Total 

Intensity 

of 

increment 

P9O5 Levels 

(Po 

13-05 

7-27 

20-32 

100 


fpl 

14-85 

14-70 

29-56 

145-47 

Varieties 

(V, 

12-81 

9-52 

22-33 

100 


(V^ 

14-87 

12-42 

27-29 

121-94 

Nitrogen levels 

(No 

12-90 

8-95 

21-85 

100-00 


(Ni 

14-05 

11-06 

25-11 

114-91 


(N2 

15-35 

12-76 

28-11 

128-64 


(N3 

13-52 

11-17 

24-69 

119-99 

Total 


111-40 

87-85 

199-25 


Percentage 


55-90 

44-10 

100 




TABLE 

3 




Average crude fibre in pounds per acre 




Crude fibre 


Intensity 

Treatments 




'1 otal 

of 



Grain 

Straw 


increment 

P^Og levels 

(Pq 

147*59 

1682-21 

1829-80 

100-00 


(Pi 

154-18 

1866-21 

2020-39 

110-41 

Varieties 

(Vi 

140-76 

1564-61 

1705-37 

160-00 


(V2 

162-06 

1981-66 

2143-72 

125-70 

Nitrogen levels 

(No 

155-50 

1692-80 

1848-30 

100-00 


(Ni 

156-64 

1908-91 

2065-55 

111-75 


(K, 

161-36 

1837-34 

1998-70 

108-13 


(Ns 

135-57 

1635-61 

1771-18 

104-17 

Total 


1213-66 

19169-35 

15383-01 


Percentage 


7-88 

92-12 

100-00 
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TABLE 4 


Average crude fat in pounds per acre 


Treatments 


Crude fat 

Total 

Intensity 

of 

increment 

Grain 

Straw 

P2O5 levels 

(Po 

58-82 

53-38 

112-20 

100 


(Pi 

64-24 

69-62 

133-96 

119-39 

Varieties 

(Vi 

56-22 

52-26 

108-48 

100 


(V3 

67*38 

73-12 

140-50 

129-51 

Nitrogen levels 

(No 

53-07 

44*93 

98-00 

ICO . 


(Ni 

62-15 

63-77 

125-92 

128 48 


(N, 

71*76 

75-58 

147-34 

150*34 


(N3 

61-28 

66-18 

127-46 

130-06 

Total 


495-02 

498-84 

993-86 


Percentage 


49-80 

50-20 

100 




TABLE 5 




Average mineral matter 

in pounds per 

acre 




Mineral Matter 


Intensity 

Treatments 




Total 

✓ 

of 



Grain 

Straw 


increment 

P2O5 level 

(Po 

107-38 

264-38 

371-76 

100 


(Pi 

114*33 

306-47 

420-80 

133-35 

Varieties 

(Vi 

101-44 

245-71 

347-15 

100 


(V2 

121-51 

325-36 

446-87 

128-72 

Nitrogen 

(No 

95*14 

229-94 

325-08 

100 


(Ni 

100-93 

286-98 

387-91 

119-32 


(N2 

127-84 

333-35 

461-19 

141-86 


(N3 

110-63 

293-37 

404-00 

124-27 

Total 


879-20 

2285-56 

3164*76 


Percentage 


27-78 

72-22 

100 



Table No. 2, Fig. No. 2 show that phosphorus application increased the P2O5 
uptake of the plant tremendously. The results corroborate the findings of Larson 
et aL (1952) and Beaton and Read (1962). The uptake of P2O5 was favoured by 
nitrogen application due to increased solubility of phosphorus. Similar results 
were found by Grunes r.nd Kantz IQSS), Verma and others (1959) and Miller and 
Ashton (1960). A greater portion of total uptake of P.jOg was found in grain than 
in straw. Variety ^Green Mountain’ was highly responsive to phosphorus appli- 
cation than ‘Oat-1 1’. & / r r 

Table No. 3 and Fig. 3 reveal that total crude fibre production was positively 
influenced by phosphorus application but negatively influenced by nitrogen appli- 
cation. Straw was the main part of crude fibre accumulation. Both the varieties 
differ in their crude fibre production. 
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Table No. 4 and Fig. 4 show that the application of pfi^sp^rus and mtrogeli 
increase the crude fat production of oat crop progress ivel}^ This may be due to 
the fact that phosphorus helps in the interconversion of carbonydrate to fat, 
whereas nitrogen is responsible for the formation of colouring matter which 
constitutes the part of the crude fat. Similar results were obtained by Frimmel 
(1958). The ratio of crude fat in grain and straw was 1 : 1. 

Table No. 5 and Fig. 5 show that the amount of mineral matter of oat crop 
was positively influenced by phosphoius and nitrogen application. It has been 
reported that phosphorus and nitrogen promote the absorption of other essential 
macro and micro-elements by crop. The ratio of minfral matter in grain and 
straw was 2 : 5. Both the varieties ^Gretn Mountain’ and ^Oat— 1 1 differ m their 
mineral matter contents. 

In all the cases, application of 30 lbs. phosphorus per acre showed no sig- 
nificant effect over control. This may be due to the optimum amount of soil 
phosphorus, originally present in the soil. 

The poor results with 90 lbs. nitrogen pir acre are due to lodging of the 
crop, resulting in the low yield of grain and straw. 

Acknowledgments 

Grateful thanks are due to Dr. A. N. Pathak, Professor and Head of the 
Department of Agricultural Chemistry, and also to Dr^N.K. Jain, Professor 
and Head of Agronomy Deptt. for the initiation, keen interest, constant and valu- 
able suggestions. 

References 

1. Beaton, J. D. and Read, D. W. L. Uptake by oats from a calcareous 
Saskatchewan soil treated with monoammonium phosphate and its 
reaction products. Soil, ScUy 94 : 404-408, 1962. 

2. Berry, R. A. Composition and properties of oat grain and straw. J, 
AgrL Sci., 10 : 359-414, 1920. 

3. Frimmel, G. The importance of fat content in judging Oat crops. Field 
crop Abstracts Vol. 12(1), 16, 1958. 

4. Grunes, D. L. and Kantz, B. A. Nitrogen fertilization increases N, P and 
K. concentrations in oats. Agro. 50 : 729-732, 1958. 

5. Larson, W. E., Nelson, L. B. and Hunter, A. S. The effect of phosphate 
fertilization upon the yield and composition of oats and alfalfa, grown on 
phosphatic deficient soil. Agro, 44 : 357-361, 1952. 

6. Miller, M. H. and Ashton, G. C. The influence of fertilizer placement 
and rate of nitrogen on fertilizer phosphorus utilization by oat. Cand, ]* 
SoilScL, 40 : 157-167, 1960. 

7. Smith, D. Yield and chemical composition of oats for forage with 
advance in maturity. Agro,J.^ 52 : 637-638, i960. 

8. Sotola, J. The chemical composition and nutritive value of certain 
cereal hays as affected by plant maturity. /. Agri, lissearchi 54, 399, 
1937. 

9. Stall Cup, O. T. and others. Composition of oat plant as affected by 
levels of nitrogen fertilization and stage of maturity. J, Dairy Sci.y 43, 
.867, 1960. 

10* Verma, R. D. and others. Studies on the uptake of phosphorus from 32 
P lebelled superphosphate by crop, Oats. /. Sc, Fd. Agric,, 10(2), 
100-107, 1959. 


I 106 J 



Proc. Nat. Acad. Sci., India, 39(A), I, 1969 


Secondary flow of an Elastico-viscons fluid between two 
coaxial cones having the same vertex and rotating 
about a common axis 

By 

P. L. BHATNAGAR, R. K. BHATNAGAR H. SOLOMON 
Department of Applied Mathematics^ Indian Institute of Sciences ^ Bangalore India 


Abstract 


[Received on 29th April, 1957J 


The nature of the secondary flow of a non- Newtonian fluid between two 
coaxial cones rotating about the common axis with an arbitrary gap angle ^between 
the cones is investigated for the following three cases : 

(i) When the inner cone is at rest and outer rotating. 

(ii) When the cones rotate in the same sense, and 
{Hi) When the cones rotate in opposite senses. 


It is noticed that Newtonian fluids show breaking pf the secondary flow only 

when the cones rotate in the opposite senses for a restricted range oi m ^ ) 

namely “ 3 < m <- 1, ^nd O2 being the angular velocities of inner and 
outer cones respectively. 


A non -Newtonian fluid shows breaking only when m > 1 or m < - 1 and the 
form of the dividing streamline in these two ranges is found to be quite different 
for example when wi > 1, the dividing streamline is circular e3^tending from one 
cone to the other, while when m < - 1, it starts from the inner cone and extends 
to infinity. In the range - 1 ^ m <1, Newtonian as well as all non-Newtonian 
fluids behave the same way and no breaking of the secondary flow is observed. 


1. Introduction 


The secondary flow of a Rivlin-Ericksen fluid and a Maxwell fluid between 
two coaxial cones, rotating about an axis passing through the common vertex, 
with varying angular velocities has been investigated by Bhatnagar and Rathna^ 
and by Mohan Rao^ respectively. In both of these investigations, the cones are 
taken to rotate in the same sense. The aim of the pesent investigation is to study 
the nature of the secondary flows, in detail, for fluids with varying non-Newtoni- 
city and for arbitrary relative rotation of the two cones with an arbitrary gap 
angle between them. 

In accordance with the theorem recently proved by Bhatnagar^, we include 
in our present study all the classes of Rivlin-Ericksen^, Oldroyd'’ and Walter’s 
fiuids<5. We note that the equations determining the primary motion and the 
stream function for the secondary motion are identical for the above mentioned 
fluids but with the proper interpretation, of the non-Newtonian parameter occur- 
ring in it. However, for the Rilvin-Ericksen fluid the stress components differ for 
the case (2 ^2 + ^3) ^ 0, ^2 and ^3 being the coefficients of visco-elasticity and 
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cross- viscosity respectively. SiiniLir results have beeti fiiilAiiinJ for sfifierr-sphcrc 
geometry by Bhatuagar" ei aL 

2. Formuiation of tb© problenx 

We consider a ma^s of elastico-viscous fluid corifiriecl hetwcc*ii two coaxial 
cones represented by B « 0. and B ^ { > tb )% sfdicrical ccir-irfiiiiat:«! sy^^stem 

with origin at the common vertex of the ermr?^ and the iwiLvr angle f| iind 
azimuthal angle 4^ being measured from the comttifin axis aiiil sriiiie Cfmvcnirnt 
meridian plane respectively. Wc take the coiir ruiaiiiig with an angular 
velocity^ Oi and cone with an angtdar velocity that !ij wi \i, and m can 

be posidve or negative but real. If ti, w are the cmnpoiiriilfri. of vrlwdiy in the 
increasing directions of fj rh respectively^ the bouiitlury r.f'iiiclilii'uw nf proiilem 
can be written as 


M i-s Oj r tss 0| IV £« iij r sitr B on |l 

ti *r-r 0, 1 / =* ilj r sin B on B fi» J i;2*l ) 

Oldroyd“ has given the constitutive eeptation for a rlas^ nfrlanlirii-vi^r'i’itw fluids in 
tfie form 


pih • P A'M'. 

A’a- = A 4 Hi,/. I, 


fyii! + X, “V + ^0 Pi'^ 4 .\ . \ 

u t ■' \ ,% t J 


S pi!^ dpik. . , 

_ 12*.wp"**4- sAmP*" 


■ p”»* 


t J' 

p*«*, 


(2'2) 

{2'4i 

(2-5) 

( 2 * 6 ) 


iUh = i (a*,! “■ ai.ife), 

" / 

where % is the stress tensor, E/j. the rate of strain tensor, Uj/. the vtirlicitv tensor- 
pik the part of the stress tensor related to the change of shape of a material 
element, Aifc the m«tric tensor, p an isotropic presmre and the velocity vector 
^ following a comma represents a covariant derivative’ 

Vo has dimensions of viscosity treated and is taken to be constant and the constant 
parameters X., A2> have diamensions of time. 

The constitutive equations for Rivlin -Kricksm and Water’s fluids have been 
recorded m refercncebn respectively. 

+ 1 , 1 ,^*^ render all the physical and dynamical quantities (iimensionlcsjs xvidi 

velocity wncre —1 ll, 4- | Sfg !• 1“ s«ch a sclictu- the hydtost.uii; pressure 
will be given by Vo Q p and any stress component by <4 » p.x . ' 

The equations of continuity and momentum ciu, then be written in the form 

A” “ 0, ^2-7^ 

and ^ 


where 


R 


a «i 
ft 


4- a 


U jf 


■p>i -1 A''Pi^. 


R 


R- Q, P 
% 


is the Reynolds number. 


(2*8) 
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The boundary conditions in' terms of dimensionless variables reduce to 


= 0, y 

u == 0^ V 

=,0 0. - ^ - 

() \ 
!lt fj —— fj 



^ r sin d 

— 0 0) — - 
’ r sin 0 

[1 ^ 

^ on 6 = 02 

. 

(2-9) 


3. Perturbation equations and their solutions 

Due to the non-linearity of the equation of state and the equations of motior. 
defined in § 2, we treat the JReynolds number as a small perturbation para- 
meter, so that all the physical and dynamical quantities can be represented as a 
power series in R in the form : 


“ = ^2 (^ ^) + > 

V ^ Rh^ (r, e) + R^ (r, e) -V , 

te; = r sin <0 q (Q) + Rr (r^ Q) + . , . , 

= R (r, ^?) + ^2 (r, 0) + , 

(r, 6 ) + R^K2ir,e) + , 

P(^(j> = RM, (r, 0) + + , . . . ^ 

p^Q ^ R Li (r, Q) R^ {r y ff) -At • • . • 5 

Pecl>-^oiO) + R^F, (r,0) + 

+ 

/> = JVi (r, e) + ii® JV2 (r, e) + ( 3 'i; 

Substituting the above expressions in the equation of state, equations o 
continuity and momentum and separating various order terms m R, we have thf 
following expressions for the zeroth and first order approximations ; 

Fo=siny^, (^2, 

0 = (sin® e Fg), (3-3 

r sin- 6 d$ 

G, = 2 , (3'4 

^ dr 

Ml = ^ iii + h, cot e)'_+ 2 a' I sin 6-^ (3-f 
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■r sine cos 0 V 


J 0-^. . • 0 , 


r d9 r' dr 


^ 1 


where 


4 - . (sin « A'N Mi cote 

^rsinede 

/I 0 . ? 


“ = (A, - >,.) 12 for OJdroyd fijud, 

2 ^ for Rivlin-Ericksen fluids subject to the condition that 


/ 'CO 

T JV (V) i 1 

/ 'QQ 

■N'(r) d r 

0 


S2 for Walter’s flttid. 


2 ^^2 +■ i'n ^ 0, thcti 


iT, = ? (" ^ + 0 A 
r V ^ 0.9 


4. LAt.-’ + ^a) / • „ «o 

+ tf— ( ™ 9 ) 


primary motion t!i?& Mdr'approa'i^ntt'™!^ ,0"*"' n« tht 

■ipproximation .xs the secondary motion. 

(a) Primary Motion : 

motion^ScesTo determining the primary 


Ct)^ if t,\ 

Tjl+scotel'ii = 0 . 


The boundary conditions satisfied by <»g r 


( 3 - 13 ) 


“0 = -r^ on 0 =x 


^ on (i nw 


Solving ( 3 - 13 ) with the help of boundary conditions ( 3-14 


I we bijve 


where 


<»o = ^3 [/« tan 


^ (22 
1 "'^X” t 


2 ) - cot 0 coscc 01 4 . d.j 


^2 - jeot 0 , cosec 02- /« tan^-|ijj. 

+ 122! ^ 2 ) - oot 01 cosec 0j|J 


{3-15) 


( 3 -Ifi) 
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and 


k ^ In 


tan ri 


+ cot ^2 cosec $2 - cot i9i cosec di . 


(3-18) 


(b) Secondary Motion : 


The secondary motion is determined with the help of equations (3'4) - (3*10) 
and the boundary conditions satisfied by gi and are 


== 0 on e ^ Bi 1 

^1 = Ai = 0 on ^ =r 6^2 J . 

We now introduce a stream function ^ (r, B) given by 

= \ 

sin e d6 

K — 1 

r sin 0 a r J , 

so that the equation of continuity (3*10) is identically satisfied. 

In view of (3 •20), the boundary conditions (3*19) take the form 


(3-19) 


(3-20) 


d <ii a i/f 

— = ^ = 0 on 0 == and 0 « 62 • 


Substituting for Gj, iTi, from equations (3*4) - (3*7) in equations (3*8), (3*9) 

and making use of (3*20) the equations determining the secondary motion can be 
written as 


r sin- $ o>Q^ 


+ A 


_J IIV 

sin 0 d dj 


2 i> 

sin 0 a r 0 0 


2a' sin® 6 f d Oq Y 

? \'Td y , 


(3-22) 


r- sin 0 cos 0 <o. 


2 _ 8 -^1 


r'^ sin 0 \ 0 


- + r [( A - )(7i^^ If) 

]] -2a'sin0cos0 (4^)', 


where 


A = -^ a--?- — 4- - -L J 

^ ~ 9 r 9r r- b 9 B 


(2 ^^2 + ^s) =7^ 0 in the case of Rivlin-Ericksen fluids, 




Eliminating JVi from the equations (3*22) and (3’23) and putting ^ in the form 

^ (r, 0) = F, {B) + a' {0), (3*26' 


the equations determining Fj (0) and F2 (^) are the following 
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and 


/ 0 \ "I 

1 A I [ ? /n tan “ -■ cot <) coscc i? ? -f A., L {3’27) 

toJ 


f ip d ^ 

+'= 


r/- , d 

w - SJ 


l<\ {(j) «a> 32 /I,* cot f? clwcc'* 0, (3-28) 

which are to be solved with the IwJp of the t)t)ttnd;iry conditions 




sa Fj dtj) fa / -iJjt. V , ' 0 

-* ' ■* \ rf f> /<? (h 


(3-29) 


/(? ; - (?, 

Since the stream function defined in (3 261 is to the firtt .ipproximation in F, we 
define a function 

f(r, 0} =a F (r, B) ' f F F, d « r' F,j id), |3*30) 

as the stream function for the secondary uiotiotn A* /•*( fji repieseiils the contri- 
Imtionoftlui Newtonian viscosity wh”rca> « Al, ot’ represent* ti»e con it itrution of 
the non-Newtonicity of the fluid. Thus as far as tfic flow properties arc concerned 
all the three types of non- Newtonian fluids befiave alike. 

It can be easily checked that Fj (B) and F^ (^D are given by 
Fj (0) = «! X (0) + A, Xs (0) + c, Xs (0) + di X* (0) 4- Xs (0) 


where 


Fj (0) — : -f- 02 cos 0 4" ^2 X.n (0) 4' d^ X j (<?) -b X,s (0t) 


dl) da 


X, (0) 7 cos-' ( 0 ) - 10 coss d 4- 3 cos 0 . 

0 


Xs ( 0 ) — Xj ( 0 ) /n tan ^ 2 J ^ ^ d" j > * 

X 3 ( 0 ) = - cos 0 sin- 0 , 

X 4 (fi) =-Xs(0) In tan ^ 4 cos’'* 0 - ^ , 

Xs (e) - d/ r ( in tan co 8«0 f J cos^ 0 - fj cos 0 ) 

CiiS'’ 0 


If> 


(3 3!) 
{3’32) 

(3-33) 

•3*34) 

(3-35) 

t3-36) 


4- 


[/ntan|]( 


y 0t«' 0 4 y cos'- 1 ! I ) ™ 1’*^^ Ciis’ 


+ f * 560““'’ 


X« (0) 


■2 dj® 


^ In tan | j cos 2 0 -{- Xs { 0 ) ^ In tan | J 4 


€<:js fl 


i3-37j 

(3-38) 


^ 7 ^ n/c to be determined by the boundary ctuiditions 

Signed in the mbkf: 
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^3 


(30°, 60°) 0-065701 0-054562 0-009984 -0-034589 - 0-168304 0-165988 0*099130 

(30°, 90°) 0-047674 0-083949 0-104679 - 0 125408 0-187595 0-032127 0-063221 

(86°. 90°) 0-002595 ' 0-003426 0-006750 0-010076 0-020046 -0-004883 0-000103 


tABLfe It 


(30°, 60°) 

«2 

2-611376 

A,^ 

- 6-120945 

2i® 

- 6-250740 


2-714719 




(30°, 90°) 

(86°, 90°) 

•553456 

» -000047 

- 3-173563 

- 1-334249 

- 7-173563 

- 5-334249 

•830184 

-•000071 


The stress components up to the. first order in R arc given by 

. V r, n dFi , dF.j 

/lyy = - 2 cosec 0 1 3 i? r* -jy + « 


de 


= 2 R cosec 6 - 5 Fi cot 0 J + 2 « cosec 0 


« dF^ 
'id 


■ 3 F« cot 0 


dF, 
"dB 


p =3 2 jR cosec 0 5 cot 0 - - ' 

L 


+ 2 a cosec 0 4 i4j* coscc *^0 


/> ==: i 2 r cosec 0 ' 

re 

+ a coscc 0 




/I =1 2 /Ij coscc-* 0 , pr^ = 0 

0^ 


(3-:9) 

(3-40) 

(3-41) 

(3-42) 

(3-43) 


When (2 + <Pa) 0 for RivUn-Mrickscn flui ds tlien tlie stress component 

p changes and is given by 


P 


00 


2 R r- coscc 0 


4 ' - 5 F| cot 0 

d 0 ' 


+ 2 a cosec 0 ^ 2 “ - 3 F^ cot 0 J 

+ cosec<0> 

I % 


(3*44) 
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/O expressions for the secondary stresses it is clear that when 

92 + 9s) = 0 all the three types of fluids have the same stresses and that only 
the stress for the Rivlm-Ericksen fluids with (2 ^ 0 differs from that 

for the other two types of fluids but by a quantity proportional to (2 ^2 + 4>s)- 

4« Discussion of the results 

In the primary motion the streamlines in any plane perpendicular to the 
axis of the cones are concentric circles having centres on this axis. 

We shall now discuss in detail the behaviour of the secondary flow, which 
is induced in the meridian plane for various values of m. For our numerical work 
we have taken the following gap angle between the cones 4°, 30° and 60°, 

We shall, however, discuss here the secondary flow only when the gap angle 
is 30° as the nature of the flow remains the same in other cases also. 

Case (i) : Let m = 0. When the inner cone {di = 30°) is at rest and the outer 
cone (02 = 60°) is rotating we note that the entire flow field for Newtonian as 
well as for all non-Newtonian {e.g. a' = 0*02, 0*04 etc.) fluids consists of only one 
type of streamlines. The fluid is drawn in at the cone which is held at rest almost 
parallel to it and is thrown out at the cone which is rotating. Whatever be the 
magnitude of the rotation of the outer cone, neither Newtonian nor non-Newtonian 
fluids show any breaking. Fig. 1 depicts the streamlines ^ = 0*002 and ^ = 0*2 
for a non-Newtonian fluid a' 0*02. 



FIG . the stream uINES EOR a nok-n?vvton>an FLur^ 

inner cone is at rest and outer R 0 T.^t«N^ r m . o . <.'. 0 3 ^ 
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F16* c tHE STREAM LINES FOR A NON- NEWTONIAN FLOiO THE 

9 .ONES R0TAT| IN THF SAME SENSE 
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Case (ii) : Let m > 0, i.e. both the cones rotate in the same sense. 

(a) Let 0 < w < 1 so that the inner eonc rotates with a smaller angular 
velocity than the outer cone. We note that here also the entire flow field for 
Newtonian as well as for all non-Ncwtoni.tn Ihiids i#.«. a' ~ 0*02, O Ol etc.) 
consists of only one type of streamlines, the direction of flow Iteing the same as in 
case (i). Thus there is no breaking of the secondary flow. Fig. 2 depicts the 
streamlines ^ - 0*(l05 and ^ » O’l for a non-Nrwtonian fluid with a' a 0‘02 
and m = 

(^) Letm >1. When m™!, i.r. the cones rotate with the stime angular 
velocity and in the same sense, there is no secondary flow and ottly the primary 
motion exists for all values of In fact the entire system rotates as a rigid body. 



m. 3 .t STREAM lines EOS A NEWTONIAN ELUIO WHEN THE 
CONES rotate in THE SAME SENSE d .0» 



EKJ » THE stream lines EOR A NON - NEWTONUkH fLUffl WWIN TMf 
CONES ROTATE IN THE SAMf SENSESt m. 3. a' <0 0«> 

^As m increases from unity » Le. the inner cone rotates with ii greater angular 
velocity^ than the outer, the secondary flow appears again. We notice that for a 
Newtonian fluid the direction of the streamlines is opposite to those which existed 
tor values of 0 <m < 1, the fluid is drawn in at the outer cone and thrown 
away ^car the inner cone. Fig. 3 depicts the streamlines f - 0*007 and 
f - 0*035 showing such a behaviour for m ^ 3. 

, « ^"When m > 1^ Fi ($) is always negative definite and ($) i$ always positive 
definite fof all values.of $ bptwem 30^ and 60®. This fact exhibits that even for 
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very small values of whatever m may be, the flow field breaks into two distinct 
regions, the dividing streamline tp = 0 being given by 



This dividing steamline extends from one cone to the other and is almost circular. 
In the region nearer to the vertex, the streamlines form closed loops and in the 
outer region the fluid flows more or less parallel to the generators of the cone to 
which it is closest, being drawn in at the outer cone and thrown out at the inner. 
For a fixed value of W 2 , as increases the dividing stream line moves away from 
the vertex. Fig. 4 depicts such a breaking of the secondary flow for non -Newtonian 
fluid with a' - 0*04 and m - 3. The above mentioned behaviour of secondary 
flow for Newtonian and non-Newtonian fluids prevails even when m becornes very 
large and finally tends to infinity. In Fig. 5 we have drawn the^ streamlines for 
m ->co and non-Newtonian fluid characterised by = 0*04 depicting the breaking 
of the secondary flow. 



FIG. 5 THE STREAM LINtr. fOP A NON-NEWTONIAN FL\MB SSHEN THf 

outer cone is AT REST .0 04) 



Case (in) : Let m < 0, Le. the two cones rotate in opposite senses. We considei 
the following two ranges for m : (a) 0 > m ~ 1 and (S) m < - 1. 
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, , „ -. 11 ^ vjhtn the mner cone rotates in the opposite sense with 

Case (a) : 0 > m > - 1, wMn ^ secondary flow for 

a smaller angular fluids resembles the one for 0< m <1. 

Newtonian as well as for ^ flow. yjg. 6 depicts the stream hues ^ = 

J.S5?aid r- = l1S“47n®rN=«.fm.n l.ld «U,. - .>02. 

Le. « < - 1. When - 1 > n. > - 3, « 

non-Newtonian fluids show breaking of the secon y 

. ^ , t * t 1 « its line to the motion of the two 

For Newtonian fluids, this breaku g : P , . diilincl regions by a 

cones. The region between the coku 

'.treamline^ = ^(-7 f;™h!f flow^n these regitms is opposite to each 

and extending to infinity. The direction ufflow m tticsc »'»«’«• “ ^ 

3 ther although the streamlines arc similar. In the region « ^one wlfllc 

s drawn in at 0 = S„ almost parallel to it and thrown out at th«^ inner cone, while 

n the region 00 < 9 < is thrown out at Wr note that here 

I breaking of secondary flow of a Newtonam fluid ^ shifting towards 

.,=.45°. Asm decreases further, the streamlnm , - 0 

he outer cone and for some critical «« of m, m,.. ■ « y»e. ^ onposite to 

‘P with only one type of streamlines, the tlm- non of 

hat which existed prior to the breaking, i.e. the ‘ ‘ “j** ^ streamlines 

md thrown out at the mner. In Ing. 8 we have cnawi yi 



» THE STREAM . I^€S ’ OR A r^WTOHUN ^iU 0 WHEN THE Wti$ 
rotate in the ORPSITE SEKV^ 
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m> • the stream t-INES FOR A NEWTONIAN FLUID WHEN ‘CONES 
rotate in the opposite SEN^S 
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^ = - -tos an^ # = - O-03 to (iepict such a behaviour of Newtonian fluid for_the 
Lse m = - 3. Once such a reversal of the flow field takes place, it will maintain 
this character as m decreases further. 




PIG. lO the stream lines for a non- NEWTONIAN FLUID WHEN THE 
iwlNES rotate in OPPOSITE SENSES(m = -:j.o^'=004) 

For a non-Newtonian fluid, the secondary flow breaks even for very small 
values of a' and for a fixed m. The streamline ^ = 0 divides the entire region into 
two distinct regions, the direction of flow in one being opposite ^ 

other. The dividing streamline always starts on the mner cone and extent^ to 
infinity almost parallel to the outer cone at large distances from the commOT 
vertex. In lig. 9 we have drawn the streamlines for a non-Newtonian tluia « — 
0-04 for ffi = - 2. We note that the dividing streamline i/i =0 meets the inner cone 
at a distance r £^2-0 and extends to infinity. In the region lying between t"® 
cone and the dividing streamline, the fluid is drawn in at the dividing streamline 
and thrown out at the inner cone almost parallel to it ; in the region between th 
dividing streamline and the outer cone the fluid is thrown out near the outer cone. 
We do not, however, observe the streamline in the form of closed 
case. For a fixed m, as a' increases the point where the streamlme ^ - 0 “e®ts 
the inner cone shifts away from the vertex. For a fixed a 
example form = -3. (Fig. 10), the dividing streamline 

the outer cone and the point where it meets the inner cone shifts towards the 
vertex thus reducing the region between ^ = 0 and the outer cone. In the 
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region j 3 etwe€n ^ = 0 and the inner cone the fluid is thrown out at the inner 
cone while it is drawn in parallel to the dividing stream line. In the, 
region between ^ 0 and the outer cone the streamlines seem to form elongated 

closed loops as indicated by the streamline ^ 0*0008* 

We sum up our conclusions as follows : 

(i) The secondary flow of Newtonian fluids only shows breaking when the cones 
rotate in opposite senses for a restricted range of m, namely 3 < Mq < m < 
- L The breaking of the flow for these fluids is purely due to the motion of the 
boundaries. 

(ti) The secondary flow of non-Newtonian fluids shows I>reaking only when m > 1 
or m < - L The form of the dividing streamline f ^ 0 is c|uite difTcrent lor these 
tw^o ranges of m : when m > the dividing Htrt^amline is circular extending from 
one cone to the other, while whc*n m «« 1 the dividing streamline itarts from the 
inner cone and extends to infinity. Fora fixed m {m I orm < I) all non- 
Newtonian fluids show breaking of the secondary flow. As the non-Newtonian 
parameter increases, the dividing streamline shifts away from the vertex. 

{in} In the range - 1 < m < 1, Newtonian as well as all noifNewtoiiisin fluids be- 
have in the same way. 

(iv) When 2 <^ 2 .+ is for a Rivlin-Ericksen fluid, all the three types of non- 
Newtonian fluids behave identically for the same value of Even when 2/^^ + 
9 ^ 0 all the types of fluids have idcmiical flows and stresses e xcept the com- 
ponent for the Rivlin-Ericksen fluid which differs from for the other two 

types of fluids by a term which is proportional to 2 
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